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ABSTRACT. We consider the Lipschitz continuous dependence of solutions for the Novikov equation
with respect to the initial data. In particular, we construct a Finsler type optimal transport metric
which renders the solution map Lipschitz continuous on bounded set of H' (R)NW*(R), although it
is not Lipschitz continuous under the natural Sobolev metric from energy law due to the finite time
gradient blowup. By an application of Thom’s transversality Theorem, we also prove that when
the initial data are in an open dense set of H'(R) N W *(R), the solution is piecewise smooth.
This generic regularity result helps us extend the Lipschitz continuous metric to the general weak
solutions.

1. INTRODUCTION
Many evolutionary partial differential equations (PDEs) have the general form
ur+ Lu =0, u(0)=up.

Classical well-posedness theory suggests the existence of a continuous semigroup of solutions, at
least for a short time. For a large class of semi-linear PDEs, basic techniques such as Picard and
Duhamel iteration can be applied to obtain Lipschitz continuity of the semigroup, that is, for any
pair of solutions u, v, it holds

%HU(t) — o[ < ut) =@ (1.1)

for a suitable (Sobolev) norm. Typical examples include the Korteweg-de Vries (KdV) equation,
the nonlinear Schrédinger (NLS) equation, the semi-linear wave equation, and so on.

On the other hand, a noteworthy exception is provided by many quasi-linear equations. Due to
the dominating nonlinearity, the initial information of the data can determine the later dynamics
in a substantial way. In particular, solutions with smooth initial data can lose regularity in finite
time, and one cannot in general expect (1.1) to hold true under the natural energy norms.

In this paper, we would like to address the issue of the Lipschitz continuity of the flow map using
the following quasi-linear equation, namely the Novikov equation

Up — Upgt + 40Uy = BUlglgy + U Upgy. (1.2)

This equation was derived by Novikov [21] in a symmetry classification of nonlocal PDEs with cubic
nonlinearity, and can in some sense be related to the well-known Camassa-Holm equation [8, 12].
In fact writing the Novikov equation (1.2) in the weak form

1
ug + uug + 0, (1 — 92) 71 <u3 + 2uui> + (-0t <2u§> =0, (1.3)

one may recognize the similarities with the Camassa-Holm equation, which, in a nonlocal form,
reads

1
ur + wug + (1 — 92)7! <u2 + 2ui) =0. (1.4)

Analytically, the Novikov equation also shares many properties in common with the Camassa-
Holm equation, among which the two most remarkable features are the breaking waves and peakons.
1
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From examining the weak formulation (1.3), a transport theory can be applied to derive the blow-
up criterion which asserts that singularities are caused by the focusing of characteristics. This in
combined with the H!-conservation of solutions indicates that the exact blow-up scenario is in the
sense of wave-breaking, i.e., the solution remains bounded but its slope becomes infinite in finite
time. Some results on this issue can be found, for instance, in [11, 18].

As an example, the wave-breaking phenomenon can also be manifested by the so-called multi-
peakon solutions. The Novikov multi-peakon solution takes the form

N
u(t, ) = 3" pi(t)el ) (15)
i=1

subject to the following equations of motion for the peak positions ¢;(¢) and amplitudes p;(t) [16, 17]

N
G = Z pjpke*\qz'*%\ﬂ%‘*%h
=1
k=1 (1.6)

Pi=pi Y pipesgn(q; — qy)e” %Ikl
Gok=1
It can be seen that a single peakon always travels to the right since ¢; = u(g;)?. Therefore for a
Novikov peakon pair, only over-taking collisions may take place [19], which differs from the Camass-
Holm case where head-on collisions are also possible. In a typical situation when two peakons of
anti-strength (p;p2 < 0) cross each other at time t,, then as t — ¢,

p1(t) = 400 (or —o00), p2(t) = —o0 (or +00), pi(t)+ p2(t) = ps,
a1 (1), @2(t) = g, @u(t) < qa(t) fort <t.,

for some py, g« € R; see [19]. In particular we have ||uy|/p~ — o0o. In this case, one needs to be
careful with the meaning of continuing a solution beyond a collision.

In a recent work [9], we managed to find a way to uniquely extend the Novikov solution beyond
the point of collision, such as multi-peakon solutions, while keeping the “total energy” conserved.
Moreover, the result in [9] applies to the general case of continuing solution after wave-breaking.
Compared to the Camassa-Holm equation, the strong nonlinearity and nonlocal effects in the
Novikov equation necessitates the need to work in a higher regularity space. Thanks to a higher
order conservation law (2.7), which will serve as the “total energy”, one can close all the estimates
in H'(R) N W14(R). This extra regularity enhancement also results in the exact conservation of
the H' norm of solutions for all time, which is in contrast to the Camassa-Holm case, where there
are still possible concentration of u2dz [3, 4, 13]. In fact, the energy concentration in the Novikov
equation occurs at the level of uldz.

(1.7)

1.1. Main result. Having established the existence and uniqueness of conservative solutions, our
main goal here is to show that these solutions form a continuous semigroup. Because of the
conservation laws (2.6)-(2.7), the H'(R) N W14(R) norm seems to be a natural metric for the
stability theory. However, the previous multi-peakon interaction reveals the opposite. From the
result of [9, Theorem 1.1}, for each time ¢, we introduce the measure v, whose absolutely continuous
part with respect to Lebesgue measure has density u? + 2u?u2 — %ui Consider a time ¢, when a
pair of peakons collide according to (1.7). Then as t — t, , 14 converges weakly to some v;, which

contains a Dirac mass at the point g.. The energy conservation implies that

/]R (u? +u2) (t.) dv = lim [ (u®+u2)(t) dr,

t—=t. JR

1 1
/ (u4 + 2uPu? — 3ui> (te) dz — 1, ({g«}) = lim <u4 + 2utu? — 3ui> (t) dx.
R R

t—t,



LIPSCHITZ METRIC FOR THE NOVIKOV EQUATION 3

Therefore if we choose as from above a sequence of two-peakons of anti-strength u® defined by
u® = u(t — €,x), then

tin (1(0) — w(0) g + [[4(0) — u(0) ) = 0,

but
im 1 u 4 1 U 4,
i ( 361 — gllus(e 1 ) -
— v (e~ i [T+ 2)2w92) — (o + 2002)] () do = v, ((0.) > 0.

e—0 Jr
Therefore the flow is clearly discontinuous with respect to the W14 norm. Numerical evidence
verifying (1.8) is given in the Section 8.
A further message one can take from this example is that the main obstacle in establishing the
Lipschitz continuous dependence on initial data lies in the concentration phenomenon of certain
energy density due to possible focusing of wave fronts; see Figure 1.

E(t) u(t)

ue(O);: u(0) u i )( \

FI1GURE 1. A sketch of the solution u to the Novikov equation and a small pertur-
bation u¢. Here u¢ is a backward shift of u. At time ¢ — ¢;, both u? and (u$)*
approach to the delta functions, and hence the W14 distance becomes large. A
nature choice is a transport metric!

> x

Similar situation occurs in a number of other quasilinear equations, including the Hunter-Saxton
equation, the Camassa-Holm equation, and the nonlinear variational wave equation. A class of
optimal transport metrics was constructed to determine the minimum cost to transport an energy
measure from one solution to the other, such that the corresponding flow map remains uniformly
Lipschitz on bounded time intervals for this new geodesic distance; see [2, 6, 7, 14, 15]. Compared
with the previous literature, the major difficulty in dealing with the Novikov equation lies in the fact
that equation (1.2) exhibits cubic nonlinearity, which requires one to work in a stronger regularity
space, and therefore changes the energy concentration nature. Hence one needs to accordingly
adjust terms in the metric of the infinitesimal tangent vectors. On the other hand, two complicated
non-local convolution terms make the Lipschitz estimate fairly subtle.

The main theorem in this paper can be stated as:

Theorem 1.1. The geodesic distance d, defined in Definition 5.3, renders Lipschitz continuous the
flow generated by the equation (2.1). In particular, consider two initial data ug(x) and to(x) which
are absolute continuous and belong to H'(R) N W14(R). Then for any T > 0, the corresponding
solutions u(t,x) and u(t,z) satisfy

d(u(t), a(t)) < C d(uo, to),
when t € [0,T], where the constant C depends only on T and H'(R) N WH4(R)-norm of initial
data.
1.2. Structure of the article. We construct the metric d and prove that the solution map is
Lipschitz continuous under this metric in several steps.

1. We construct a Lipschitz metric for smooth solution (Sections 3).
2. We prove by an application of the Thom’s Transversality theorem that the piecewise smooth
solutions with only generic singularities are dense in H' N W1#* (Section 4).
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3. We first extend the Lipschitz metric to piecewise smooth solutions with only generic sin-
gularities, and then to general weak solution by the “density” result established in Step 2
(Section 5).

4. We compare our metric with other metrics, such as the Sobolev metric and Kantorovich-
Rubinstein or Wasserstein metric (Section 6).

A more detailed explanation is given below.

Step 1: Metric for smooth solutions. We begin, in Section 2, by collecting several important local
and global conservation laws of equation (1.2), which motivates the definition of an energy conser-
vative solution. Then we recall the main theorem on the existence and uniqueness of such solutions
established in [9], cf. Theorem 2.1.

To keep track of the cost of the energy transportation, we are led to construct the geodesic
distance. That is, for two given solution profiles u(t) and u(¢), we consider all possible smooth
deformations/paths 7! : @ ~— u?(t) for 6 € [0,1] with 7*(0) = u(t) and ~*(1) = u(t), and then
measure the length of these paths through integrating the norm of the tangent vector dv!/df; see
Figure 2 (a). The distance between u and u® will be calculated by the optimal path length

_ar

1
d (u(t),u(t)) = inf ||5*]| := inf/ Hve(t)Hue(t) df, where v¥(t) = .
7t 7 Jo do

ul(T) = us(T)
(a) Method of homotopy (b) Loss of regularity
FIGURE 2. Compare two solutions u(x) and u(z) at a given time t.

Here the subscript u?(¢) emphasizes the dependence of the norm on the flow .

The next step is to define a Finsler norm for an infinitesimal tangent vector, by measuring the
cost (with energy density u) in shifting from one solution to the other one. From Figure 3, in
measuring the cost of transporting w to u¢ on the z-u plane, we notice that the tangent flow v
only measures the vertical displacement (dashed arrow) between two solutions. In order to provide
enough freedom for planar transports, one needs to add a quantity, named as w, to measure the
(horizontal) shift on x. It is nature to consider both vertical and horizontal shifts (solid arrows) in
the energy space to estimate the cost of transport.

With this in mind,, the cost function basically includes

l(w, 0)||, = / {[horizontal shift] + [vertical shift] + [change in u]} du
R

+ / [change in the base measure with density u|dzx,
R

where, for example, as shown in Figure 3, it follows from Taylor’s expansion that

[change in u] = o(€) order of (u(z¢) — u(z)) = 0 = v(z) + uz(z)w(x). (1.10)
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€

ut(z) = u(z) + e(v + uyw)(z) + o(e)

\J

FIGURE 3. A sketch of how to deform from u to u®: (a) a vertical shift ev; (b) a
horizontal shift eu,w followed by a vertical displacement ev. We denote the total
shift as ev = €(v + uyw) as in (1.10). Here z€ := x + ew(x).

A more detailed description is given in Section 3.
This way for an infinitesimal tangent vector v, we can accordingly define its Finsler norm to be

|lv]|, = inf ||(w,?)|s, with 0 =v+ uzw,
weA

where the admissible set A (defined in (3.7)) involves information of the characteristics of the
equation that helps select the “reasonable” transports.

The explicit definition of the Finsler norm is provided in (3.8) and (3.9). The next thing we do
is to investigate how this norm of the tangent vector propagates in time along any solution. The
key estimate on the growth of the norm of the tangent vector is given in Lemma 3.1.

The implication of Lemma 3.1 is that, for any 7" > 0, if all solutions u/(t,-) are sufficiently
regular for ¢ € [0, 7], such that the tangent vectors are well-defined on ~!, then it holds that

IVl <cly’ll - vteloT), (1.11)

where C only depends on the total energy of the initial data. Therefore it is natural to define the
geodesic distance

d (u,u) = inf {|¥'[l; 4"+ [0,1] = H' n W, 41(0) = u, /(1) = u‘},
and one can expect from (1.11) that the solution map is Lipschitz continuous under this metric.

Step 2: Generic regularity. However, smooth solutions do not always remain smooth for all time.
In fact for the Novikov equation (1.2), the gradient of the solution can blow up in finite time, and
therefore a smooth path of initial data 7° may lose regularity at later time T so that the tangent
vector dy!' /dt may not be well-defined (see Figure 2 (b)); even if it does exist, it is not obvious that
the estimate (1.11) should remain valid. The idea is to show that there are sufficiently many paths
which are initially smooth, and remain (piecewise) smooth later in time. We prove in Section 4

Theorem 1.2. Let T > 0 be given, then there exists an open dense set
Dc (C3(R) nHYR) N W1’4(R)>,

such that, for ug € D, the conservative solution u = u(t,z) of (2.1) is twice continuously differen-
tiable in the complement of finitely many characteristic curves, within the domain [0,T] x R.

The generic regularity is itself of great interest because it shows very detailed structures of
singularities. As a consequence, in Corollary 4.1, we prove the existence of regular paths connecting
any two solutions of Theorem 1.2.

Similar generic regularity result was first established for the variational wave equation [1] and
used in establishing a Lipschitz metric in [2]. This idea was applied to the Camassa-Holm equation
in [20]. The proof of Theorem 1.2 relies on an application of Thom’s Transversality Theorem.
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Step 3: Metric for general weak solutions. For general weak solutions, we first use the semi-linear
system established in [9] to extend the Lipschitz metric from smooth solutions to piecewise smooth
solutions, cf. Theorem 5.1, Definition 5.1 and Definition 5.2. In the second step, we generalize
this metric on the space H(R) N W1’4(R) and prove the Lipschitz property. This step is now very
nature because the set of regular paths, that are roughly speaking piecewise smooth solutions, is a
dense set of the solution space.

Step 4: Compare with other metrics. See details in Section 6.

Remark 1.1. Currently, there are several parallel techniques in constructing the Lipschitz metrics.
These include: the Finsler distance used in this paper (first established in [1, 2] for variational
wave equation); method in [14, 15] for Camassa-Holm equation, which uses semi-linear equations
on Lagrangian coordinates; and a direct transport method in [6] combing a convergence argument
from multi-peakon solutions.

Notice that, since we mainly work on the original coordinates and do not need the existence of
sufficiently many special solutions such as multi-peakon solutions, our way to construct the metric
s quite transparent and robust, as long as one has good knowledge about the energy concentration.
In Section 7, we also apply this method to the Camassa-Holm equation, and the computation for
the key estimates is greatly simplified.

We also point out at the end of the article that the semi-linear system introduced in [9] can be
successfully implemented to simulate the peakon interactions. This is usually considered to be a
quite challenging problem. Most of the current methods treat directly the ODEs governing the
dynamics of peakons. Yet to the authors’ knowledge, no schemes have been proposed to realize
the energy concentration exactly at the collision time. This is largely due to the blow-up of the
momentum density when two peakons collide. Here we take advantage of the semi-linear system
in [9] which makes use of a set of new variables that dilates the interacting characteristics and in
particular, allows one to trace the behavior of peakons even at the instant of collision. We present
in Section 8 several numerical experiments to both showcase explicitly the energy concentration of
a peakon-antipeakon interaction, and the merits of using our scheme. Our method can be easily
employed to other integrable system to analyze the peakon interactions.

2. PRELIMINARY RESULTS

In this section we recall some useful estimates and the existence and uniqueness of global con-
servative solution of the Novikov equation. For more details the reader can refer to [9].
First we rewrite the Cauchy problem for the Novikov equation (1.2) as

Ut—i—UQUx—}—axPl—i-PQ:O, (21)
u(0, ) = uo(z), '
where
_ 3 9, 3 1 3
P =px 2uux +u’ |, Pp:= 2p * (ux) , (2.2)

with p = %e*m being the Green’s function for (1 — 92)~! on R.
For smooth solutions, differentiating equation (2.1) with respect to x we have

1
Ut + U tgy + iuui — w4+ P+ 0,P,=0. (2.3)
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Further manipulation leads to the following local conservation laws

2 2 2,,2
t

T

1 1 4
(u + 2u?u2 — 3u4) + <2u4u§ 3u2u4 + ¥ (P + BIP2)>
t

A @ (2.5)
+3 ((PL+ 0. P2)” — (Pa+ 0. P1)%) =0,
which indicates two conserved quantities
Et) = /}R(u2 +u2)(t,z) dx = £(0), (2.6)
F(t) = /R (u + 2utu? — %ux)(t z) = F(0) da. (2.7)
Therefore we can bound
lullZoe < llullfn = £(0),
ugl|7s = 3/R(u4 + 2uu) do — 3F(t) < 3 (26(0)* — F(0)),
which in turn implies that
luall3s < 1/3E(0) (26(0)2 ~ F(0)) =: . (2.8)
Now, we are able to bound P;(t) and the derivatives dP; for i = 1,2 as follows.
P, 102 Pr(6) 1w < lpllze S + o < S£(0)F,
POl 10:P ()12 < [Pl 5 + s < S==£0) »

1 1
[1Po ()]l zoe s [|02 Po(t) || oo < *HPHLO@HUiHLl < EK

[1P2(t) [l 2, 102 P2($)]| L2 < *lelelluxHLl 2\[

Now we state the theorem on the existence and uniqueness of conservative solutions to the
Cauchy problem (2.1).

Theorem 2.1 ([9]). Let ug € HY(R) N WI4(R) be an absolute continuous function. Then the
Cauchy problem (2.1) admits a unique energy conservative solution u(t,z) defined for all (t,z) €
R* x R in the following sense.
(i) For any fived t > 0, u(t,-) € H'(R)NWL4(R). The map t — u(t,-) is Lipschitz continuous
under the L*(R) metric.
(ii) The solution v = u(t,z) satisfies the initial condition of (2.1) in L*(R), and

//{ Ug ¢t+u or) + (—uu —ud+ P+ 0, P2> qﬁ} dmdt+/u0,$¢(0,x)dx:() (2.10)
R

for every test function ¢ € CL(A) with A = {(t,a:) ‘ t€10,00),z € R}.

(iii) There exists a family of Radon measures {y;, t € RT}, depending continuously on time and
w.r.t the topology of weak convergence of measures. For every t € RT, the absolutely con-
tinuous part of ju; with respect to the Lebesque measure has density u(t,-), which provides
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a measure-valued solution to the balance law

/R+ {/(gf)t + ul g )dpu +/ <4u3u§’3 —4u3 (P + 8xP2)>¢>daz} dt — /Rué’mgi)(O,a:)cm =0, (2.11)

for every test function ¢ € CL(A).
Moreover, the solution also satisfies the following properties.

(1) u(t,z) is Holder continuous with exponent 3/4 on both t and x.
(2) The first energy density u? + u2 is conserved for any time t > 0, i.e.

E(t) = lu®)lFn = luollzp  for any ¢ >0; (2.12)
(3) The second energy density u* + 2u?u2 — %ui is conserved in the following sense.

(a) An energy inequality is satisfied:
F(t) = /R <u4 + 2u?u? — ;ui> (t,x) de > F(0) for any t>0. (2.13)
(b) Denote a family of Radon measures {14, t € RT}, such that
v (A) = /A (u* + 2u*u2) (t, ) dx — %ut(A)

for any Lebesgue measurable set A in R. Then for any t € RT,

U(R) = p(R) = F(0) = /R <u4 + 202 — ;u4> (0,2) da.

For any t € R, the absolutely continuous part of vy with respect to Lebesque measure

has density u* + 2u?u? — %ui For almost every t € RY, the singular part of vy is
concentrated on the set where u = 0.

(4) A continuous dependence result holds. Consider a sequence of initial data g, such that

llwon — wollgiaw1e — 0, as n — oo. Then the corresponding solutions uy(t,x) converge to

u(t, x) uniformly for (t,x) in any bounded sets.

3. THE NORM OF TANGENT VECTOR FOR SMOOTH SOLUTIONS

To illustrate the ideas on how to construct the Lipschitz metric, in this section we first consider
smooth solutions to (2.1). We take a family of perturbed solutions u‘(z) to (2.1), which can be
written as

u(x) = u(z) + ev(x) + o(e). (3.1)

Here in this section, we make an abuse of notation of using f(¢) or f(z) to denote a function f(¢,x).
A straightforward calculation yields that the first order perturbation v satisfies

1 & z 3
v + u2vm + 2uvu, + = / — / e~ lr=vl uyvyu + Zulv + 3uPv dy
2\ Uz oo 2°Y

. 2 (3.2)

+ 1 / e_|x_y|uyvy dy = 0.

—00
Differentiating (3.2) with respect to x, one obtains
1 1 3
Vgt + u2vm + uuyvy + §uiv + 2uVUgy — 3u’v + B / e~ |zl (3uyvyu + 5“1210 + 3u2v) dy
R

(3.3)

3 o T
"1 </ _/ > e vy dy = 0.
x —00
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As explained in Section 1.2, to obtain enough freedom in measuring the shift from one solution
to the other one, we need to add a quantity w(t, z) measuring the horizontal shift:

z€ =z + ew(x) + o(e). (3.4)

To focus only on reasonable transports between two solutions, we select w(t,x) by propagating
along characteristics the shifts wo(z) as the initial data. That is, we require that when z(¢) is a
characteristic emanating from o then z¢(¢) is also a characteristic emanating from zf, so

d

(1) = (u(@))*  when (t) = u?(2).

ﬁl'
Thus, using (3.1), (3.4) and taking the limit as ¢ — 0, we have
wy + ulw, = 2u(v + uzw). (3.5)

So the Finsler norm on the space of infinitesimal tangent vector v takes the form

lv]y = éreliﬂ(w,ﬁ)\\u, with 0 = v+ u,w, (3.6)

where the admissible set is defined as
A = {solutions w(t,z) of (3.5) with smooth initial data wg(x)} . (3.7)

Note that u is always smooth in this section, hence in (3.5) w can be solved with a given initial
data w(0,z) = wp(z).

To motivate the explicit construction of ||(w,v)||,, we consider a reference solution u together
with a perturbation u¢, as shown in Figure 3. Recall that we are interested in determining the cost
of transporting the energy (with density p =~ u?) from u to u¢. In fact we will choose p = (1+u2)?,
and the cost should account for the following

|(w, )|l = / {|change in z] + [change in u] + [change in arctanug]} (1 + u2)2%e~1*! da:
R

+ / [change in the base measure with density (1 4 u2)?]e™* da (3.8)
R
=hL+L+Is+14.
More precisely, we have
Jolle = inf, [ {l( 27 4 o+ w14 02+ o+ (14 42)
R
A (g + ) (Vg + tgew) + (1 +u2)?ws|} el da (3.9)

inf (I1 + 1o+ I3+ 1) .
JIEIA( 1+ 1o+ I3+ 4)
We note that when u € L', the e |*| term is not necessary. Below we briefly explain how to obtain
(3.9), using (3.1) and (3.4).
e For [change in z] in I,
1

- [ — x] = w + o(e).

e For [change in u] in I,

% [u(2%) — u(2)] = v(z) + ue(x)w(z) + ofe).
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e For [change in arctan u,] in I3,
arctan ug (z€) = arctan [ug, () + evg(z) + o(€)]
= arctan [u,(z) + ew(a:)u ( ) + evg(z) + o(€)]
)+

T+ )

= arctan ug(z) + e + o(e).

e For [change in the base measure with density (1+ u2)?] in I, using the following identities

(ug(@9))* = ui () + 2euq (a)vs () + oe)
= u2(x) + 2ew(2)ug () Uge () + 2ev,(2)ug () + o(e),

we obtain that
2
<1 + (u;(:ﬁ))?) da — (14 ufﬁ(ﬁt))2 dr = (4€(vy + Wigy) (ugp + u3) + ewy (1 4+ u2)? + o(e)) da.

Next we want to understand how this norm of the tangent vector changes in time. The main
result of this section is the following.

Lemma 3.1. Let T > 0 be given, and u(t,z) be a smooth solution to (2.1) when t € [0,T]. Assume
that the first order perturbation v satisfies equation (3.2). Then it follows that

[o(®)lluwy < CT)v(0)]lu(o): (3.10)
for some constant C(T) depending only on initial total energy £(0), F(0) and T'.

Proof. 1t suffices to show that

% [(w (@), v(E)llyey < Cll(w(@), v lugey » (3.11)

for any v and w satisfying (3.2), (3.3) and (3.5). Here C is a constant depending only on the initial
energy £(0) and F(0). In rest of this paper, unless specified, we will use C' to denote a constant
depending on the initial energy £(0), F(0).

To prove (3.11), first, notice that for any smooth function f, we have

d
= —lzl g
G e

- /R (IF1e7 1), + (2| fle71#1), da
0

_ / sign(H)li + (2 )ale ! do — / T2 fleFda + / 2| f]e* da
R 0

</R|ft+(u2f)x’e_x| dx—i—”u”%oo/RUk—ﬂdx_

Therefore in the following we only have to show that | f; + (u%f).|e~*! is bounded by the integrands
in 1 + Iy + I3 + Iy, with f being w(1 + u2)?, (v + uzw)(1 + u2)?, (ve + Ugew)(1 + u2) and
4(ug + ud) (Vg + uzzw) + (1 + u2)?w,, respectively.

To simplify the computation, we drop all the e 12l terms (this can be thought of as assuming
that the solution has compact support). In the general case, the same results remain valid when
the factor e~1*l is inserted back.

1. For I; in (3.9), it follows from a direct computation that

(1+ ui)Q)t + (u?(1+ ui)Z)z = (U + ug)(4u® — 4(Py + 0. P) + 2u). (3.12)
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By (3.5) and (3.12), we have

(w(1 +u2) ) + (qu(l—}—ufﬁ)Q)gC
= (wy + vwy) (1 +u2)? + w [((1+ ui)2)t + (u2(1 + ui)2)z] (3.13)
= 2u(v + upw)(1 4+ u2)? + w(ud + uy) (4u3 — 4(Py + 0, P2) + 2u) .

This in turn yields the estimate

dIl:d/\w[(l—l—ui)zd:v<C/ ]v+uzw|(1—|—ui)2dx+0/|w(1+u§)2dx

d (3.14)

<C(h + Io).

2. The estimates for the second and third terms are much more delicate. For I, from (2.3),
(3.2), (3.5) and (3.12), we obtain

((v + uzw)(1 + ui)z)t + (u2(v + uzw) (1 + u?c)2)x
- [vt + w0, 4 ug (wy + v?wy) + w (uxt + uQuM)] (14 u2)?
+ (v +upw) [(L+u3)?), + (W (1 +u3)?), ]

= |-z / —/ e~ 1T ( Buyvyu+ Sulo + 3uv ) dy — 2 / e y'uzfuy dy
2\ ") 2" 1) o

2
Tx +ud - P — 5zp2)] (1+u2)?

+ (v + upw (u + uz) (40 — 4(P1 + 0 P2) + 2u)

ey 3.2 2 B[ a2
=|—= e Y Buyvyu + —upv + 3uv | dy — — e Uy vy dy
2 1) .

+2uu w+ w(u® — Py — 8$P2>:| (1+u2)? + (v + upw) (ud + uy) (4ud — 4(Py 4 9, Py) + 2u)

=: ([21 + Ioo + Io3 + 124)(1 + u?c)Q + (1} + uzw)(ui + ux)(4u3 — 4(P1 + ang) + 2u)

—2uvuy + 2uty (v + ugw) + w (—

(3.15)

For the local term Ip3 = 3uuw(z), we have

1

o ([ L) (i) o

1

b </ / ) el (3uuyuyyw + guzw + guuzwy> dy

+ / Iyl 2 ywdy.
4 —00
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Hence
121 + 123
—|z—y| 3 2 3 2 2
== e Buuy (vy + uyyw) + o Uy Wy + iuy(v + uyw) + 3uv| dy
+ / ~l=— y'uu ywdy
= _Z (/ / ) —|z—y { [4uy(vy + uyyw) + (1 + uz)wy] — 3utty (vy + uyyw)
3 2 3% —a—yly,2
—5( w), +2uyw+2uy(v+uy w) + 3u”v dy+1 7006 uuyw dy
T2 (/ / ) o {2 [0y (vy + uyyw) + (1 + ug)wy] — uy (vy + 1yyw)
3 3 3 00 T B —|z—y|
Uy + §u§(v + uyw) + 3u2v} dy — 2 </x —/_OO> x___ oy uw dy
oo
_ ;uw(x) + 3/ —lo=vlyq2 ywdy
_Z (/ / ) —lz—yl {2 [4uy (vy + uyyw) + (1 + uz)wy] — Buuy (vy + uyyw)
+= uw—l— (v+u w) + 3uv p d +§ OOe_‘“”_y‘(uw—i—uu2w)d —§uw(az)
gt T ot vt YTy vy '
—00
Note that

3utv(y) = 3u?(v + uyw) — 3utu,w,

which, together with the previous equality and the Sobolev inequality, implies that

(121 + I23)(1 + ui)2 dx

<c/</ “le=ul (1 4 u2)? da:)[gu

3 3
+ [Buy (vy + uyyw)| + §|uyw| + §|u§(v +uyw)| + 3[u? (v + uyw)| + juuywl

(4uy(vy + uyyw) + (1 + uz)wy)

—I—%uw[ + iluuzwl] dy + C/ lw|(1 4 u2)? da (3.16)
R

gC’/ }4ux(vm+umw)+(1+ui)wx‘(1+ui)dx+0/ lw|(1 4 u2)? d
R R
-l—C'/ vx+umw|(1+u§)d$+0/\v+uxw|(1+ui)2daj
R R

< C(I4+Il +I3+.[2),

where we have used the fact that

/e|1y|(1+u§)2 d;vg/e””y| dx+2/u§dx+/uidw§0.
R R R R

For the second term Is2, we have

3u? JVy = 3u? (Y +uyyw) — 3u§uyyw = 3u§(vy + uyyw) — (uzw)y + ugwy.
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The last term can be bounded as

wy < [(1+ U;)Uywﬂ < ‘4%2;(”1/ + uyyw) + (1 + U;)Uywﬂ + |4Ug2;(vy + Uyyw)|

9 9 9 (3.17)
< Clduy (vy + ugyw) + (1 + uy)wy (1 + uy) + |4uy (vy + uyyw)|.

Then it holds that

‘3//e_x_y|u§vydy(1—|—ui)2dx

<cf </ ) d“f) (102 (0 + 1yy0) | + ety (v, + g0) + (14 02, (1+122)) dy

+C / (/ el (dw), dy> (14 u2)? de (3.18)
R \JR
< o/ 02+ tawtw| (1 + 122) da + 0/ [t (03 + ) + (1 + 2| (1 + u2) da
R R
—lz—yl
+C// A (1+u?)*de - |u2w\dy
R /R
< CU3+ 14+ ).
Plugging (3.16) and (3.18) into (3.15), we can conclude that
dI d
=2 = / [v +ugw|(1 4+ u2)? de < C(I) + I + I3 + Iy). (3.19)
dt  dt Jg
3. To estimate the time derivative of I3, using (2.3), (3.3) and (3.5) we obtain
(v + ugzw)(1 + u?b))t + (UQ(% + ugaw)(1 + ui))x
= [Uxt + U pp 4 Uge (Wi + uPwe) + W (Ugar + UQUIM)] (14 u2)
+ (v + wgpw) [(1+ 43 + (u®(1+ud)) ]
1 1 [
= [—uuxvx — iuiv — 2uvugy + 3utv — 3 / 67|mfy|(3uyvyu —+ guiv + 3u2v) dy
3 /°° /‘T> a2 2
- - — e U0, dy + 2uty (v + upw) + w(3u Uy — UL ULy
4 < . ) y Y ( )+l (3.20)

— 0, P — )} (14 u2) + (vg + Ugaw) [20Puy — 20y (Py + 0, Ps) + uud + 2uuy)

1 1 [ 3
= [—21%11 + 3u? (v + upw) — 5 /OO 67‘m7y|(3uyvyu + 5“3” + 3uv) dy

~1 (/ /_ ) === y|u2vydy w(0, Py + Py)| (1 +u?)

+ (Vg + Ugzw) [2u3um — 2uy (P + 0, P2) + uug) .
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Note that
1 1 1
——uiv = —iui(v + uzw) + §u§w

——1u2(v+uw)—1 Oo_/x><—x yl = uw(y)) dy

- €T
27 2\ /, . 2 Y .
1, L (% oyl

=—5u 2(v+ ugw )+Z Yiugw dy

_</ / > el (Buuyyw + udwy) dy.

From the above inequality and (3.17), the first and fourth terms in the last equality of (3.20) can
be estimated as

/ {—u v— = (/ / )exmuzvy(y) dy} (1+u?)dx
R
= ‘—1/U§(v+uxw)(1+u32£)da:+i//e"’”—yuzwdy(1+ui)dm
RJR
/ </ / > ~lz=yl[32 (vy+uyyw)+u wy] dy(1 + u?) dx
SC’/ \v+u1w|(1+u§)2d:v+4/ </ e_x_y|(1+ui)dm> |u2w\dy
R R

+c/ (/ “lev(1 4y )da:) oy + g (1 + u2) (3.21)

{4y (vy + uyyw) + (1 + uz)wy|(1 + “13) + \4u§(vy + ugyw)|] dy

SC/\v—l—ugjw|(1+ui)2dm+0/]vgc—i—umw](l—i—u?c)da:
R R

+o/ |w|(1+u§)2dx+c/ 1z (02 + 1) + (1 + 12)wa|(1 + 12) da
R R
< C(IQ + Is+ 11 + 14)

On the other hand, for the third term in the last equality of (3.20), we notice that

Buyvyu = 3utly (Vy + Uyyw) — 3utlyUyyw

3 3 3 (3.22)
= Buy (vy + uyyw) — 5 = (uu? w), + 5 5 uiw + 5““2“@7
and
3 3
§uu2wy <3 (1 + uJuywy|
3 3.23
< Sl (U Yy, + 43 (0, + ey w)]| + 3ful - [ (0, + )| (3.23)
< Clul - |(1 + uz)wy + duy (vy + ugyw)| (1+ UZ) + 3lul - ‘“Z(vy +ugyw)| .
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Thus, by (3.22), (3.23) and integration by parts, we bound the third term in the following way.

1
2

3
—lz=yl( (Buyvyu + 23Uy 20 + 3u v)dy) (1+u?)dx

[/
< o/ < —le=vl(1 4y )dm> {3ty (vy + tyyw)] + 3[u][u2 (v, + uyyw)|
(

3
+ |ul ‘ 14w )wy + duy (vy + uyyw)’ (1+ ui) + §|u§(v + uyw)|

a€*|$*y‘

+3|u? (v + uyw)| + 3[uPuyw|} dy + C/R/]R (1+ ) dx - luuiw| dy

< c/ |vm+umwl(1+u§)daﬁ+0/ w](1 + 12)? da (3.24)
R R

—i—C'/\4ux(’uz—|—umw)+(1+uﬁ)wxl(1+u§)dx+0/|v—|—uxw\(1+ui)2dx
R R
SCUs+ NI+ Iy + ).

Plugging (3.21) and (3.24) into (3.20), it holds that

dly  d
s dt/ (e + ttawtw|(1+ w2) dz < O + I + I + ). (3.25)
R

4. To estimate the time derivative of I, differentiating (3.5) with respect to x we get
Wit + uP Wy = 2y (V4 upw) + 2u(vy + Ugpw). (3.26)
Using (2.3), (3.3), (3.5), (3.12) and (3.26), it holds that

(4(uq + u3) (v + Ugpw) + (1 4 u§)2wx)t + (u2 (4(uq + u3) (v + Ugzw) + (1 4 ui)zwx))x
=4 [(1 4 3u2) (uat + uPtizg) + 20t (1 + u2))] (Vg + Ugaw) + 4 [Var + uP0gs + Use (wy + vwy)
+U}(U:pxt + ’UJQU:):xx)] (Um + Ui) + (1 + Ui)2(th + U/QU]II) + wy [((1 + U§)2)t + (U2(1 + Ui)2)z]

1
=4 [(1 + 3u?) (—QUUi +ud — P — &UPQ) + 2uu? (1 + u ))} (Vg + Uggw)
4 ; L2y -2 suto — = [ elovi(3 3020+ 3u?v) d
+ 4(uy +uy) ~UligVy — SUGY — UVUzg + 3U V-3 Re (uyvyu+§uyv+ u“v) dy

—% (/x — /_OO> e_|$_y|u§vy dy + 2utiy, (v + uzw) + w (3u2um — 3UULUgy — O P — P2)
+ (1 + u2)? 2ug (v + ugw) + 2u(vg + Ugew)] + we(ul + ug) [4u® — 4(Py + 0, P2) + 2u]

[6uu +2u +4(1 + 3u?) (u® — P, — 0:P2)] (vz + uggw) + 2uy (1 + u?) [0+ uz (14 ug)w]

— 3(ug + ul) </ / ) ~le=yl 21} dy + 4(ug + ud) [3u® (v + uw) — w(0, Py + P)

1 3
—2/ e"””—y|(3uyvyu + §u§v + 3u?v) dy} + we (ud + uy) [4u3 — 4(P1 + 0, P2) + 2u] .
R
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For the second and third terms in the last equality, we have

20, (1 +u2) [0+ uz (1 4+ u2)w] — 3(ug + ud) </;—/;> vl 2y, dy

= —uy(1+u?) (/Oo—/x ) [ e_x_y|(’u+uy(l+u§)w)>y+3e_x_y|u§vy} dy

= —up(1+ug (/ / ) “le y| Uy+“yyw+3u (Uy+“yyw)+uy(1+u)wy) dy

(3.27)
+ ug (1 + ul )/ eyl (y 4w, (1+u)w) dy
= —uy(1 4 u2 (/ / ) ~l=— y' Uy+uyyw+4u (vy—i—uyyw)—i—uy(l—i—u) Wy
—uz (vy + Uyyw)] dy + ug(1 4 u3) / e (v + uyw + udw) dy.
R
While for the last term,
wx(ui + ux)(4u3 —4A(Py + 0, P2) + 2u) (3.28)

= (4u® — 4(Py + 0, Ps) + 2u) [wa (Ul + ug) + 42 (Vg + Ugaw) — 42 (Vg + Ugaw)] -

Finally, the term —2(ug+u) [* e~ 177 (Buyvyu+ %uzv—i—BuQv)(y) dy can be estimated in a similar
way as is done to obtain (3.24). We thus conclude from all of the above that

dl d
(Tf =2 / |4(ux + ui)(vm + ugpw) + (1 + u§)2wx‘ de < C(I1 + Is + I3 + I). (3.29)
R

Combining the inequalities (3.14), (3.19), (3.25) and (3.29) together, we obtain the desired
inequality (3.11), and hence (3.10). O

4. GENERIC REGULARITY FOR THE NOVIKOV EQUATION: PROOF OF THEOREM 1.2.

In this section, we use the Thom'’s transversality Theorem to prove generic regularity result given
in Theorem 1.2.

4.1. The semi-linear system on new coordinates. As a start, we first briefly review the
semi-linear system introduced in [9], which will be used later. Please find detail calculations and
derivations in [9].

Following the idea in [9], we introduce new coordinates (¢,Y"), such that

z¢(0;t,2)
Y =Y(t ) ::/ (1 +u2(0,2"))* da’,
0

where a — z(a;t,x) denotes a characteristic passing through the point (¢,2). Here the equation
of characteristic is

dx(t)
I u?(t, x(t)).

In fact, Y = Y (¢,2) is a characteristic coordinate, which satisfies Y; + u?Y, = 0 for any (¢,7) €
RT x R. We also denote

a =2arctanu, and §=-—F""— (4.1)
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then one can derive a semi-linear system
w(t,Y) = —0,P, — Ps,
o (t,Y) = —usin® & + 2u3 cos? ¢ — 2cos® $(P1 + 0, P»), (4.2)
&, Y) = €[(2ud +u) — 2(Py + 0, )] sina.

Here the initial conditions given as

u(0,Y) = ug(z(0,Y)),

a(0,Y) = 2arctanug 5(z(0,Y)), (4.3)
E(O,Y) =1,
where
P(Y) = ;/ eI J§ (Ecos® §)(tY) dY| (:usm o+ u? cos? ;‘) E(t,Y)dy,

0P (Y (/ / > | J¥ (oot $)(tY) dY| <2usin2a—|—u3 cos® ;) £, Y)dy,

P(Y)= 8/ el J§ (€eost $)(tY) dY] (ﬁsmasm 2) (t,Y)dY,

0:Po(Y </ / > | [ (¢ cos? Xty)dy'(fsmasm 5)(1& Y)dy.

By expressing the solution u(¢,Y") in terms of the original variables (¢, ), one obtains a weak
solution of the Cauchy problem (2.1) as stated in Theorem 2.1. Furthermore, this solution is proved
to be the unique conservative solution in [9]. Indeed, the following result is also proved in [9].

Lemma 4.1. Let (z,u,a,§)(t,Y) be the solution to the system (4.2)—(4.3) with £ > 0. Then the
set of points

(4.4)

Graph(u) = {(t,z(t,Y),u(t,Y)): (t,Y) € R" x R} (4.5)
is the graph of a unique conservative solution to the Novikov equation (2.1).

4.2. Families of perturbed solutions. To begin with, we state the following technical lemma
(cf. [20]) which will be used later.

Lemma 4.2. Consider an ODE system

d
au = f(u®), u*(0)=ug+e1vi+--+EnVm,

where u®(t) : R — R"™, f is a Lipschitz continuous function. The system is well-posed in [0,t*). Let
the matrix
D.u®(0) = (v1,va, -+, V) € RPT,
have rank rank (D.u®(0)) = k. Then for any t € [0,t*),
rank (D.u"(t)) = k.
Now, for a fixed solution of (4.2), we are going to construct several families of perturbed solutions.

Lemma 4.3. Let (u,,§) be a smooth solution of the semi-linear system (4.2) and let a point
(to,Yp) € RT x R be given.

(1) If (o, oy, ayy ) (to, Yo) = (m,0,0), then there exists a 3-parameter family of smooth solutions
(u?,a?,€%) of (4.2), depending smoothy on 9 € R3, such that the following holds.

(1) when ¥ = 0 € R3, one recovers the original Solutwn namely (u°,a?, £%) = (u, a, €).
(ii) At the point (to, Yo), when ¥ = 0 one has

rank Dy(a’,a¥, a¥) = 3. (4.6)
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(2) If (a, ay, aq)(to, Yo) = (7,0,0), then there exists a 3—parameter family of smooth solutions
(u?,a? €%) of (4.2), depending smoothy on ¥ € R3, satisfying (i)—(ii) as above, with (4.6) replaced
by

rank Dy(a’,a¥,a?) = 3. (4.7)

Proof. Let (u,,§) be a smooth solution of the semi-linear system (4.2). Given the point (to, Yp).
Taking derivatives to the equations of o and £ in (4.2), we have
2.2 2 & : 1 3
(t,Y) = uy (6u”cos” = —sin® =) —ay sina(zu +u’ — P, — 0, P)
2 2 2 (4.8)

1
— 2 cos? %5(0084 %(&CPl + Py) — 1 sin? % sina),

—Q
ot Y

—ayy(t,Y) = uyy (6u® cos? % — sin? g) ayuy sin a1 + 6u?)

ot 2

1
— (ayy sina + a3 cos a)(iu +u? — P — 0, Py)

1
+ ay sina(4 cos’ %(&BH + Py) — 3 sin? % sin a)

« « 1 « (4.9)
— 92 cos? gfy ( cost 5(830P1 + Py) — 1 sin? 5 sin a)

3
— 92 cos’ %§Q(COS4 %(Pl + 0, Py — u3) - gu sin® a)

1
+ 1 cos? %ay{( sin? o 4 2 sin? % cos a),

0 o v 2

a(t,Y) = (0. P1 + Pg)(sm 2 — 6u? cos %) — 2 cos? g(8tP1 + 010, P»)

ot
1
- sina( — usin? 5 —|— 2u3 cos? 5 — 2cos? —(Pl + 0 PQ))(iu +ud — P — 0, P,),
(4.10)
0 . 3
agy(t, Y) = (&y sina + Eay cosa) (2u’ +u — 2(Py + 0, P%)) (1)
4.11
1
+ 5sino¢(6u2uY + uy — 2€ cos® %(896]31 + P) + ifsinasin2 %),
with
1. 2 & . g 1 g0 1 .2
uy (t,Y) = ff’smacos KX Uyy = §£Y sin o cos 3 + 5{045/ COS (v COS 3~ Z{ay sin” a.

Combining (4.2), ( ) (4.9) and (4.11), we obtain a complete system. Now, we construct a family
of solutions (@, a?, £”) to the complete system (4.2), (4.8), (4.9) and (4.11) with initial data being
the perturbations of (4.3)

@’(0,Y) =u(0,Y)+ Y UiV
=1,2,3

a’(0,Y)=a(0,Y)+ > 9Vi(Y), (4.12)
i=1,2,3

&0,Y)=¢0,Y)+ > 9:G(Y)

i=1,2,3
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for some suitable functions U;, V;, ¢; € C3°(R). That is, consider the system

—9 9

u 1

av? Y

79 9
gl oo |- %

Py - )
ot ay 1

aYY 5
§ Il
Y 6

with the initial data (4.12), where fV,--- | fJ are the perturbations of the right-hand side of (4.2),
(4.8), (4.9) and (4.11). Thanks to Lemma 4.2, it remains to prove the Lipschitz continuity of
12, f9. Observe that (u,a,€) is smooth, so we just need to consider the Lipschitz continuity
of Pj and 0, P; for j =1,2. From the definition of the source term P; at (4.4), it follows

o~ 1 RS e cos? Y)dy
‘M(t,Y)‘ :2|/_Ooe [y (€cos® 3)(tY) |(8s1n o + 3u? cos? 2)§(t Y)dY|

1 [° -
< 2/ elo=71(3 02 4 3021, 7) d3 < 25(0).

—00

Similarly, by (2.6) and (4.4), we can obtain

! L% ¥ cost g <tY)dY|/ 2 &
’(3@ (t, Y)‘ 2/ ey ] (€ cos? 2s.1noz)( Y)dY|

—0o0

\§US1n o + u? cos? 2)]5(1& Y)dY

1 [ APl e S
—i—/ (e )1 2y sin v cos o — u® cos® = sin a|€(t, V) dY
2] . 4 2

1 o0 _ X
§2/ eH|2/ ux(t,x)dxH(guu +ad)(t,7)| de

1 o] 3 3 3 3
+ 2/ G — Gty = 2utue) (t,7) dn
—00

o % 3 3
< / e "z — 51%5(0)%\(§uu§ + ) (8, 3)| T+ 2 flull 2 [lue | 2
—0o0

3
o llullzoe luall s + llullZoo llull 2l | 2

3\[ %

< 75( 11 3e0) + 5( 0)2 K5 +2€(0)%,

4

where K is defined in (2.8). In a similar fashion as the above two estimates and the fact that £
is bounded, it is easy to verify the boundedness of |ap2 l, ]8P2 l, aalzj |, |0u02 Pj|, 000, P;|, |0¢ 0, P;| for

j = 1,2. This completes the proof of the Lipschitz continuity of f7,--- , f7.
Thus, by choosing suitable perturbations V;, ¢ = 1,2,3, at the point (¢g, Yy) and ¥ = 0, using
Lemma 4.2, we can get
@
rank Dy ay = 3.
ayy

On the other hand, (4.2), (4.8) and (4.10) form a complete system. Similar to the proof of (4.6),
we can choose suitable perturbations V;, i = 1,2, 3, such that, at the point (to,Yp) and ¢ = 0, we
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have
o
rank D19 ay = 3.
Qi
This completes the proof of Lemma 4.3. O

4.3. Proof of Theorem 1.2. Now, we will use Lemma 4.3 together with Transversality argument
to study the smooth solutions to the semi-linear system (4.2), and hence determine the generic
structure of the level sets {(¢,Y); a(t,Y) = 7}. The proof of the following lemma is similar to [20],
and we omit it here for brevity.

Lemma 4.4. Let a compact domain
Q:={(t,Y); 0<t<T,|Y| < M},

and define S to be the family of all C* solutions (u,a, &) to the semi-linear system (4.2), with & > 0
for all (t,Y) € RT x R. Moreover, define S’ C S to be the subfamily of all solutions (u,a,§), such
that for (t,Y) € Q, none of the following values is attained:

(o, ay,ayy) = (7,0,0), (a,ay,q) = (m,0,0). (4.13)
Then S’ is a relatively open and dense subset of S, in the topology induced by C*(9).

With the help of Lemma 4.4, we can now prove Theorem 1.2 for the generic regularity of con-
servative solutions to the Novikov equation (2.1).

Proof of Theorem 1.2. First, we denote
N :=C3R)n H'(R) N WH(R),
with norm

[uolla = lluolles + lluollmr + lluollwa.

Given initial data 19 € N and denote the open ball
Bs = {ug € N |lug — tio[|x < 0}

Now, we will prove our theorem by showing that, for any 4y € N, there exists a radius >0
and an open dense subset D C Bg, with the following property: for every initial data ug € D, the
conservative solution u = u(t, z) of (2.1) is twice continuously differentiable in the complement of
finitely many characteristic curves within the domain [0, 7] x R.

1. Since ug € N, by the definition of the space N, we have

up(z) >0 and wou(z) =0, as|z]— occ.

Thus, we can choose r > 0 sufficiently large, such that ug(z) and ug » (¢, ) being uniformly bounded
for all |z| > r. On a domain of the form {(¢,z); t € [0, T), |z| > r+T||ul|3« }, a standard comparison
argument yields that the partial derivative u, remains uniformly bounded. This implies that the
singularities of u(¢,x) in the set [0,7] x R only appear on the compact set M := [0,T] x [—r —
Tluleo,r + Tlul?e]-

Next, for any ug € By, let A be the map (¢,Y) — A(¢,Y) := (¢,2(t,Y)), and let 2 be a domain
as in Lemma 4.4. Choosing M large enough and by possibly shrinking the radius §, we can obtain
the inclusion M C A(Q).

Now, the subset D C By is defined as follows. ug € D if ug € By and for the corresponding
solution (u, o, &) of (4.2), the values (4.13) are never attained for any (¢,Y’) such that (¢,z(¢,Y)) €
M. In the next two steps, we examine D is an open dense set.
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2. To prove that the set D is open in the topology of C?’,~ we choose a sequence of initial data
(ug)v>1 such that the sequence converges to ug, with uf ¢ D. By the definition of D, there exist
points (t¥,Y") at which the corresponding solutions (u”, a”,£") satisfy

(a”, oy, ayy)(t", YY) = (7,0,0), (¢",2"(t",Y")) € M,

for all v > 1. Observe that the domain M is compact, thus we can choose a subsequence, denote
still by (£”,Y"), such that (t*,Y") — (¢,Y) for some point (¢,Y). By continuity,

(a,ay,ayy)(t,Y) = (7,0,0), (t,z(t,Y)) € M,

which implies ug ¢ D. Repeating the same procedure when (a, ay, ar) = (x,0,0), it follows that
D is open.

3. Now, we will prove the set D is dense in Bs. Given ug € Bs, by a small perturbation, we can
assume that ug € C*°.

From Lemma 4.4, we can construct a sequence of solutions (u”,a”, &) of (4.2), such that, for
every v > 1,(t,Y) € Q, the values in (4.13) are never attained, and the C¥, k > 1 norm satisfies

: v _ v_ v v _
Vll)r{.lo ”(u u, o a,§ £z x)”(fk(l_‘) 0,

for every bounded set I' C [0, 7] x R. Thus, for ¢ = 0, the corresponding sequence of initial values
satisfies
. v _ _
Jim Jug — uol|ex(ry =0, (4.14)
for every bounded set I C R.
Consider a cutoff function (z) € Cg°, such that

by =1, itz <1,
P(x) =0, if x| > 1+1,
where | > r + T'||u|? is large enough. Then for every v > 1, define the following initial data
g = Pug + (1 —)uo,
which together with (4.14) implies
lim ||ag — uol|a = 0.
V—r00
Further enlarge [ such that for every (¢,x) € M,
a”(t,x) = u”(t, x).
Notice that @”(t,z) remains C? in the outer domain {(¢,z); t € [0,7],|z| > r + T|jul|?e}. Thus,
we have proved for every v > 1 sufficiently large, @g € D, which means that D is dense in Bs.

4. Finally, we will show that for every initial data ug € D, the corresponding solution u(t,z) of
(2.1) is piecewise C2 on the domain [0,7] x R. Indeed, we know that u is C? in the outer domain
{(t,z); t € [0,7T),|z| > r+T||lul|?=} by the previous argument. So we need to study the singularity
of u in the inner domain M.

Recall from step 1, every point in M is contained in the image of the domain 2. Thus, for every
point (o, Yp) € €2, we have two cases.

Case I. a(ty,Yy) # 7. From the coordinate change xy = £ cos? 5,t =t, we know that the map
(t,Y) +— (t, ) is locally invertible in a neighborhood of (to, Yy). Therefore, the function u is C? in
a neighborhood of (¢, z(to, Y0)). ) )

Case II. a(tg,Yp) = m. Since ug € D, so by the definition of D, we have oy(to,Yy) # 0 or
ay (t()? }/0) 7é 0.

5. By continuity, there exists an n > 0, such that the values in (4.13) are never attained in the

open neighborhood
QO ={tY); 0<t<T,|Y|<M+n}.
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Applying the implicit function theorem, we derive that the set
S :={(t,Y)eQ; at,Y) =7}

is a one-dimensional embedded manifold of class C2.

Now, we claim that the number of connected components of S¢ that intersect the compact set
Q) is finite. Assume, by contradiction, that Py, P»,--- is a sequence of points in S* N §2 belonging
to distinct components. Thus, we can choose a subsequence P;, such that P, — P for some
P € S*N Q. By assumption, (ay, ay)(P) # (0,0). Hence, by the implicit function theorem, there
is a neighborhood U of P such that v := S* N/ is a connected C? curve. Thus, P; € v for i large
enough, providing a contradiction.

6. To complete the proof, we need to study in more detail the image of the singular set S, since
the set of points (¢, ) where u is singular coincides with the image of the set S® under the C? map
(t.Y) = At,Y) = (t,2(t,Y)).

By the argument in step 5, inside the compact set €2, there are only finitely many points where
a=may =0,a; # 0, say P, = (t;,Y;),i = 1,--- ,m, and also where a = m,ax = 0,y # 0, say
QJ = (t37}/;/)7] = 17' N

By the analysis in step 5, the set S*\{Py, -, Pp,Q1, - ,Qyn} has finitely many connected
components which intersect €2. Consider any one of these components. This is a connected curve,
say j, such that a = 7, ay # 0 for any (¢,Y) € ;. Thus, this curve can be expressed in the form

Y= {(t, Y) 1Y = qﬁj(t),aj <t < bj},
for a suitable function ¢;.
At this stage, we claim that the image A(7;) is a C? curve in the t-z plane. Indeed, it suffices
to show that, on the open interval (a;,b;), the differential of the map t — (¢, z(t, ¢;(t))) does not
vanish. This is true, because

d
aaj(t,qﬁj(t)) =1+ xyqﬁg =1>0,

since zy = & cos? $ = 0 when a = 7. Hence, the singular set A(S“) is the union of the finitely many
points p; = A(P;),i = 1,---,m, ¢, = A(Q,),7 = 1,--- ,n, together with finitely many C?*-curve
A(v;). This completes the proof of Theorem 1.2. O

4.4. One-parameter families of solutions. In this subsection, we study families of conservative
solutions u? = u(t,z,0) of (2.1) with initial data u(0,x,6) = ug(x, ), depending smoothly on an
additional parameter 6 € [0, 1], More precisely, these paths of initial data will lie in the space

X =C*(R x [0,1]) N L>([0, 1]; H'(R) n WHY(R)).

Now, we have the following generic regularity for one-parameter family of solution. Roughly speak-
ing, for a one-parameter family of initial data 6 — 118, with 6 € [0, 1], it can be uniformly approxi-
mated by a second path of initial data 6 — ug, such that the corresponding solutions u’ = ua(t, x)
of (2.1) are piecewise smooth in the domain [0, 7] x R. The proof is similar to [1], and hence we
omit it here for brevity. Note that this is the step where Thom’s Transversality Theorem is used.

We refer the reader to [1] for the Thom’s Transversality Theorem.

Theorem 4.1. Let T > 0 be given, then for any one-parameter family of initial data 118 € X and

any € > 0, there exists a perturbed family (z,0) — uo(z,0) =: u(x) such that

lug — aglla < e,

and moreover, for all except at most finitely many 0 € [0, 1], the conservative solution u® = u(t,x, )
of (2.1) is smooth in the complement of finitely many points and finitely many C? curves in the
domain [0,T] x R.

In accordance with the previous argument, we give the following definitions.
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Definition 4.1. We say that a solution u = u(t,x) of (2.1) has generic singularities for t € [0,T]
if it admits a representation of the form (4.5), where

(i) the functions (z,u, o, §)(t,Y) are C*,

(ii) fort € [0,T], the generic condition

a=m,ay =0= a; #0,ayy # 0, (4.15)
holds.

Definition 4.2. We say that a path of initial data v° : 6 — ug, 0 € [0,1] is a piecewise regular
path if the following conditions hold

(i) There ezists a continuous map (Y, 0) — (x,u, a, &) such that the semi-linear system (4.2)—(4.3)
holds for 6 € [0,1], and the function u®(x,t) whose graph is

Graph (u®) = {(t,z(t,Y,0),u(t,Y,0)); (t,Y) € RT x R}

provides the conservation solution of (2.1) with initial data u®(0, ) = uf(z).

(ii) There exist finitely many values 0 = 90 <0 <--- < On =1 such that the map (Y,0) —
(z,u,a,&) is C® for 6 € (6;_1,6;),i = 1,--- | N, and the solution u’ = u%(t,x) has only generic
stngularities at time t = 0.

In addition, if for all 6 € [0,1]\{61,--- ,0n}, the solution u® has generic singularities for t €
[0,T], then we say that the path of solution v* : @ — u? is piecewise regular fort € [0,T].

An application of Theorem 4.1 gives the following density result.

Corollary 4.1. Given T > 0, let 0 — (2%,u?, a?,£%),0 € [0,1], be a smooth path of solutions to
the system (4.2)~(4.3). Then there exists a sequence of paths of solutions 0 v (z8,u,a% £9), such
that

(i) For each n > 1, the path of the corresponding solution of (2.1) 0 s u? is reqular fort € [0,T)
in the sense of Definition 4.2.

(ii) For any bounded domain Q2 in the (t,Y) space, the functions (x2,uf,af,¢£0) converge to
(2%, u? P, €%) uniformly in C*([0,1] x ), for every k > 1, as n — oc.

5. METRIC FOR GENERAL WEAK SOLUTIONS

In this section, we will first extend the Lipschitz metric for smooth solutions in Section 3 to
piecewise smooth solutions, and then to general weak solutions using the generic regularity result
established in Theorem 1.2. Through this Theorem 1.1 can be achieved.

5.1. Tangent vectors in transformed coordinates. For a reference solution u(t,z) of (2.1)
and a family of perturbed solutions u® (¢, ), we assume that, in the (¢,Y) coordinates, these define
a family of smooth solutions of (4.2)—(4.3), denoted by (z°,u%, a%, ).

Consider the perturbed solutions of the form

(z%,u%,a%,£%) = (z,u,a, &) + (X, U, A, () + o(e). (5.1)

Since the coefficients of (4.2)—(4.3) are smooth, we have that the first order perturbations satisfy
a linearized system and are well defined for (¢,Y) € RT x R. In the following, we will express the
quantities in (3.9) in terms of (X, U, 4, ().

(1) The shift in x is computed by

25 (t,Y°) — 2(t,Y) oy*

=1 =X . . 2
v sl—r>r(l) 9 + oy Oe e=0 (5 )
(2) The change in u is
(t,Y®) —u(t,Y oye
v+u$w:1inr1u(7 ) — ult, ):U+uY~ (5.3)
e—0 € Oe |._g
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(3) For the change in arctan u,, it holds that

at(t,Y®) 1 ,a oye
T zxW = —— ———|e=0 = = — (A . . 4
Vg + UggW = I tan 5 le=0 5 SeC” 3 + ay 9 |, (5.4)
(4) Finally, we will derive an expression for the term I4 in (3.9).
d, . aye oY:
L e, yE ve)| = : et :
de (5 ( ’ ) + &y a:) o ¢+ & Oe o + Sxy Je o ) (5 5)

where the change in the base measure with density (1 + u2)? is given by

ga(t’ YE) — £(t7Y) — C g aYE

= lim

e—0 £

d
755
de e=0

e=0
Notice that
(1+u2)?de = £dY.
In light of (5.2)-(5.5), the weighted norm of a tangent vector (3.9) can be written as

4
w0l =3 /R (. Y)) dY, (5.6)

where

(X ) £€—|z(t,Y)|’ Jo = <U T+ uy - oY= ) é:e—|:c(t,Y)|7

e=0 Oe e=0

1 oYe oY~

hl <A+ay ) fe—lm(t,Y)l’ Jy = <C + &y - +fry - oF ) o~ lz(tY)|

2 e=0 e e=0 Oe e=0
Since Y¢(t) = Y¢(0) along the characteristic, it is easy to verify that the integrands J, are smooth,
for £ = 1, 2, 3,4.

5.2. Length of piecewise regular paths. Now we define the length of the piecewise regular path
by optimizing over all transportation plans, namely,

Definition 5.1. The length ||7| of the piecewise reqular path v : 6 — u®(t) is defined as

1 4
o' = ing / 3 / T Y)] dY db,
0 /R

where the infimum is taken over all piecewise regular paths.
Our main result in this section is stated as follows.

Theorem 5.1. Given any T > 0, consider a path of solutions 0 — u® of (2.1), which is piecewise
reqular for t € [0,T). Moreover, the total energy |[u®||%, and the norm ||ul||1, is less than some
constants By > 0 and Ey > 0, respectively . Then there exists some constant C' > 0, such that the
length satisfies

IV < Gl (5.7)
where the constant C depends only on T, E1 and Es.
Proof. By the definition of piecewise regular paths, we know that u? has generic regularities for

every 0 € [0,1]\{61,--- ,0x}. So the solution v’ is smooth in the t-Y coordinates and piecewise
smooth in the ¢-z coordinates, thus the existence of the tangent vector is obvious.



LIPSCHITZ METRIC FOR THE NOVIKOV EQUATION 25

1. We claim that, for § € [0,1]\{601,--- ,0n}, if we have

0% () lue sy < €107 (0)[lus o) (5.8)
then (5.7) holds. Here the constant Cj depends only on the upper bound of the total energies.

Indeed, according to the definition of the length of a piecewise regular path, fix ¢ > 0, there
exists some Y, such that, at time ¢t = 0,

1 4
/ Z/|Jf(0,Y)\de9§||70||+e.
0 /=1 R

Thus, integrating (5.8) over the interval 6 € [0, 1], it holds that

VI < Co(ll7°ll + ),

which implies (5.7), since € > 0 is arbitrary.

2. Therefore in the following, we will concentrate on proving (5.8). If uf is smooth in the (t,z)
variables, in light of (3.10), (5.8) follows directly. Thus, it suffices to show that the same result can
be applied if u? is piecewise smooth with generic singularities.

We first note that there exist at most finitely many points Q; = (¢;,Y;),j = 1,--- , N on which
o =7, ag/ = 0, when ¢t € [0,7] . In fact, using the implicit function theorem and the generic
condition (4.15), we know that each point @ with o = 7 and af/ = () is isolated from other )'s in
a small neighborhood. Then it follows that there exist at most finite many points (); by applying
a finite covering argument on the bounded region including all possible singularities (the existence
of such a bounded region is shown in Part 1 of the proof of Theorem 1.2 in Section 4.3.).

Now, for each time ¢ = ¢; corresponding to the point @);, the map

L /|J€ (1Y) dY df
0 =1
is continuous, Since the number of ¢; is finite, the metric will not be affected.
At time t # t;, on the other hand, we claim that the generic singularity does not affect the
estimate (3.10), that is, the effect of the generic singularity to the time derivative

4

d

530 [y
=1"'R

is negligible.
We know that
o =, od #0 (5.9)
at the singularities. For a fixed time 7, let the point (., Yz) be the intersection of I';_. = {(¢,Y); t =
7 —¢}and {(t,Y); o(t,Y) = «}, and the point (t.,Y?) be the intersection of T'r;. = {(t,Y); t =
7+¢} and {(t,Y); a?(¢,Y) = w}. Then denote

Ag— =T N{(t,Y);Y € [Yva/?Y;:]}v
A7 =T,—.n{(tY);Y €[V, Y]}

Thus, we have

4
glg%g /m/ ; 9(t,Y)|dY =0,

since each integrand is continuous and |Yz —Y!| = O(e) because of (5.9). This means that the curve
{(t,Y);a(t,Y) = 7} has non-horizontal tangent line at the singularity. This implies that the
estimate (3.10) remains valid in the presence of singular curve where o/ = 7. Hence we complete
the proof of Theorem 5.1. O
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Remark 5.1. We want to point out that the assumption that the solution path in Corollary 4.1
is reqular, i.e. the solution has only generic singularities, except at finitely many 0 values, is very
crucial. Because of this property we show that there are only finitely many points Q; with o = ,
ay = 0. However at time t = t; we cannot treat these Q;’s directly by the method used for t # t;
since now |Yz —Y!| = O(1).

5.3. Construction of the geodesic distance. In light of Theorem 1.2, there exists an open
dense set D C <C3(R) N HYR) N W1’4(R)), such that, for ug € D, the solution of (2.1) has only

generic singularities. Now, on D> := C5° N D, we construct a geodesic distance, defined as the
infimum among the weighted lengths of all piecewise regular paths connecting two given points.
Consider two solutions u, @ € D*°. Denote their total energies as

E(u) := /(u2 —i—u%)(az) dr, &(u):= /(112 +€Li)(az) dz,
R R
respectively. For F; > 0 and F> > 0 denote the set
Y= {ue H(R)NWIYR); E(u) < By, |Jug|ts < Ea}.

Definition 5.2. For solutions with initial data in D> N, we define the geodesic distance d(u, )
as the infimum among the weighted lengths of all piecewise regular paths, which connect u with u,
that is, for any time t,

d(u,u) := inf {nytH : 4 is a piecewise regular path,y'(0) = u,7'(1) = 4,
E?) < By, |ul|%s < o, for all 6 € 0, 1]} .
Finally we can define the metric for the general weak solutions.

Definition 5.3. Let ug and iy in H*(R) N WH4(R) be two absolute continuous initial data as
required in the existence and uniqueness Theorem 2.1. Denote u and @ to be the corresponding
global weak solutions, then we define, for any time t,

d(u,a) := lim d(u",a"),
n—oo
for any two sequences of solutions u™ and @™ in D> N with
H’LL” — U||H1mwl,4 — 0, and ||’ELn - ’ELHHlmwl,AL — 0

The limit in the definition is independent of the choice of sequences, because the solution flows
are Lipschitz in D> N 3. Since the concatenation of two piecewise regular paths is still a piecewise
regular path (after a suitable re-parameterization), it is clear that d(-,-) is a distance. This way
the metric is well-defined.

Note that when

= wollrewns — O,
it is easy to show that the corresponding solutions satisfy, for any ¢ > 0,
Hu" — UHH1mW1,4 — 0

by the semi-linear equations (4.2). So it is clear that the Lipschitz property in Theorem 5.1 can be
extended to the general solutions, and so we conclude to obtain Theorem 1.1.

6. COMPARISON WITH OTHER METRICS

The purpose of this section is to compare the distance d(-,-) with other types of metrics.

Proposition 6.1 (Comparison with the Sobolev metric). For any solutions u,a € ¥ to (2.1), there
exists some constant C' depends only on Ey and Es, such that,

d(u,@) < C(Jlu=allm + 1w = D™ | + | = o)™ g1 + iz = i 14)-
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Proof. Without loss of generality, we only consider the solutions in D> N X.
For @ € [0, 1], consider the interpolated data u? as

uw = 0u+ (1 - 0)u. (6.1)

Then the total energy of u’ satisfies

/R((u9)2+ (u§)2)(t,x) dz = /R ([9a+ (1 - 0)u)® + 9, + (1 79)uz]2) dz

g/ (162 + 601 = )] (@2 +32) + [(1 - 0)2 + 6(1 = O)](u? + u2) ) de
R
<max{&(u),E(u)} < Ej.

(6.2)

Also, for the L* norm of uf, it holds that

/R(uz)‘*(t,x) dx g/R (s + (1 — O)uy) da < max{/Rui dx,/Rai dx} < Bs. (6.3)

Now, we will estimate the weighted length of the path 4* : 6 +— u? in (6.1). The goal is to show
that

191 < € (lfu = il -+ lu = e s + g — ) s + g — el 1)
for some constant C' depends only on E; and Es. First, from (6.1), we obtain

o_ du’
do

To derive an upper bound for the weighted length ||7'||, we can choose the shift w = 0 in (3.9).
Indeed, by (6.2)—(6.4) and the definition of the weighted length of the path !, we have

1
Il = / 1010 d6

—/1/ (\v9|(1 + (ul))? + 02 (1 + (uf)?) + 4] (uf + (UZ)?’)vg])e*‘x' de do
o Jr

v =a—u, ul =0+ (1—0)u,. (6.4)

1
<[/ — we 1 + Clla — ul| = / ()22 + L) dB + [t — ug)e™ ! 11
! 0 ! 0
iy — a2 / la? 24 d6 + Cllig — s 12 / 2 do
0 0

1
4 Cllig — gl / [l 12, do
0
<O (lu— all + 11— e 0+ (g — T)e s + g — 1),

Here, C denotes a generic positive constant depends only on E; and Es. This completes the proof
of Proposition 6.1. U

In the following two propositions, we compare the distance with the L' distance and the Kantorovich-
Rubinstein or Wasserstein distance.

Proposition 6.2 (Comparison with L' metric). For any solutions u,4 € H'(R) N WI4(R) to
(2.1), there exists some constant C depends only on Ey and Es, such that,

(w—a)e |1 < C - d(u, @). (6.5)
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Proof. Assume that ~* : 6 — u? is a regular path connecting u with .
1. Notice that

| = v+ upw — upw| < v+ upw| + Juzw| < v+ ugpw|(1 + ug)2 + |w|(1 + ui)2

Thus, by the above inequality, the definition 5.2, (3.9) and (6.4), for some constants Cs,Cy > 0,
we have

d(u, i) > Cgmf/ / e do df = Cs 1nf/ / \7|e—lx\ dadf > Cyl(u— i)e ) .,
which implies (6.5). O

Proposition 6.3 (Comparison with the Kantorovich-Rubinstein metric). Consider the same as-
sumptions as in Proposition 6.2, and further assume that u,@ € L'(R). Then one could drop the
e~1ol term in (3.9) to define a new distance d*, such that

l(u—a)|p <C-d*(u,a), and (6.6)

[ fan- /fdu‘<d* ), (6.7)

2

sup
Ifllcist

where i, ji are the measures with densities (14 (uz)?)? and (14 (z)?)
respectively.

w.r.t the Lebesgue measure,

Proof. First, repeating the same proof as in Proposition 6.2 without the term e~ %I, one can very
easily obtain (6.6).

Then, for any function f, such that ||f|lcx < 1, denote p’ to be the measure with density
(1+ (u%)?)? w.r.t the Lebesgue measure, then the following holds

1 d 1
/de/fdu"cw‘é/ [ 10+ 2 deas
0 0 R
1
+ / / 1 1408 + (W)?)(00 4wl + (1 -+ u)2) 20l der db),
0 R

where the two integrals on the right hand side of (6.8) are exactly I; and Iy of (3.9). Hence, we
get (6.7) immediately. This completes the proof of Proposition 6.2. ]

(6.8)

The metric (6.7) is usually called a Kantorovich-Rubinstein distance, which is equivalent to a
Wasserstein distance by a duality theorem [22].

7. APPLICATION TO THE CAMASSA-HOLM EQUATION

Our method of constructing the geodesic distance can be systematically applied to many other
quasilinear equations. Here we give an example of the Camassa-Holm (CH) equation. The energy
measure associated to the CH equation has density u2. Here in the Section we will only outline
the construction of the Finsler norm for the infinitesimal tangent vector for smooth solutions. The
issues on the generic regularity (already given in [20]) and the construction of the geodesic distance

can be treated in a similar way as is done for Novikov equation in this paper.

The CH equation reads
u?
— P.=0
7“*(2)90+ T (7.1)

u(0,z) = up(z),

1 2
P = 567‘”6' * <u2 + 1;”) )

where
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Let u(x) be a smooth solution to (7.1) and consider a family of perturbed solutions
u(x) = u(z) + ev(x) + o(e).

A direct calculation yields that the first order perturbation v satisfies

vy 4wV + vug + < / / > ~le=v(Quv + uyv, ) (y) dy = 0. (7.2)

1
Vgt + UVzg + UgUy + VUgy — 2uv + 5 / e 177V (Quu + uyvy)(y) dy = 0. (7.3)
R
Similar as before, we introduce a horizontal shift w satisfying
¢ =z + ew + o(e)

Again the shift component of the tangent vector must propagate along characteristic. Namely

wi + UWy = v + Ugw. (7.4)
Now we can define a Finsler norm
o], = uIJIGIfA |(w,0)||w, with 0 =v+uzw
where
A = {solutions w(t, z) of (7.4) with smooth initial data wo(z)} .
and

I|(w, D) || :/{[change in z] + [change in u]}(1 + u?) dz
R
+ / [change in the base measure with density u2] dz.
R

More precisely, we have

o]lu = igf/{|w\(1 +u?) + v+ upw](1+ u2) + [2ug (vg + Ugpw) + uwy| e 1 da
R

(7.5)
= igf (Il + Iy + I3) .
The goal of the forthcoming computations is to validate the estimate
d
VOl < Cllo@llug, (7.6)

for some constant C' depending only on the total energy. As same as before, in the following
calculation, we drop the e~1*l terms.
1. To estimate the time derivative of I;, by (7.1) and (7.4), we have

(w(l+u2)), + (vw(l +ul)), = (wr + uwe) (1 + uf) + w[(1+ ud)e + (w(l +ul))a]
= (v + upw)(1 4 1) + w(ug + 2uuy — 2u, P).
This yields the estimate

drl d
1:/!w|<1+ui>d:ps/!v+uxw\(1+ui)dw+0/!w|<1+ui>df’f
dt R R R

it (7.7)
< C(IQ + Il)
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2. To estimate the time derivative of I, recalling (7.1), (7.2) and (7.4), we obtain

((v+ uew) (1 +u2)), + (u(v + ugw) (1 + ul))
= [vt + uvy + Uz (wy + vwy) + w(ug + utgy)] (1 + ui) + (v + uzw) [(1 + ui)t + (u(1 4+ ui))x]

- (/ / ) ~lz— y' (2uv + uyvy) dy + uz (v + uzw)

+w ( > Loty — P)] (1 +u2) + (v + upw)(ug + 2uu, — 2u, P)

1
=|—= (/ / ) —lz=yl( 2uv+uyvy)dy—|—2uiw+w(u2—P) (14 u2)
+ (v + upw) (g + 2uuy — 2u, P).
Note that

2uv = 2u(v + uyw) — 2uuyw

and

2
* * 1 1 1
T —00 R

We thus conclude

dt—dt/RW‘f‘uxw‘(l—l-ux)dl’

SC’(/ |2um(vw+umw)+u§wx]dx+/ |v+u$wl(1+u§)dx+/ w|(1+u926)dx> (7.8)
R R .

<C(z3+ 12+ ).

3. To estimate the time derivative of I3, using (7.1), (7.3) and (7.4) to get

(2u$(vx + Uzpw) + uiwx)t + (u(2um(v$ + Uzpw) + uiwz))x
= 2(Ugt + Ulgy) (Vg + UggW) + 2y [V + (W02 ) 2] + 2Ug gy (W + vwy,)

2 1
=92 <_u; +u? — P) (Vg + UgaW + Upwy) — 2Uy (vum — 2uv + 2/ e—lm—yl(qu + uyvy) dy)
R
+ 2Ug gy (U + upw) + 2upw(—Uglyy + 2utuy — Py) + ui(vx + UgWy + Uz w)

= 2(u2 — P)(vg 4 tgpw + ugwy) + duug (v + upw) — uy / e~ lr=vl (2uv + uyvy) dy — 2uzwhPy.
R

(7.9)
The first term in the last equality can be estimated as
2 / (u2 — P)(vg 4 ugpw + ugw,) dz
R
= 2/(u — P)(v + uzw), de = —2/(u2 — P)y(v+ uzw) do (7.10)
R R

< C’/ v+ ugw|(1 4 u2).
R
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For the third term, observe that

1 1
2uv + uyvy = 2u(v + uyw) — 2uu,w + 3 [2uy (vy + uyyw) + uZwy] - §(u§w)y (7.11)

‘ // vl (2w), dy dw <c/ </| (e"le=uly, |dm> |wlu? dy 1

< c/ ol (1 4 u2) dx
R
In light of (7.9)—(7.12), we obtain

dl. d

gc(/ ]2uz(vx+umw)+uiwm\dw+/ ]v+uxw\(1+ui)dx+/ \wy(1+u§)dx>
R R R

< C3+ I+ I).
Combining the inequalities (7.7), (7.8) and (7.13) together, we obtain the desired inequality (7.6).

We have

(7.13)

8. INTERACTION OF TWO PEAKONS.

In this part, we use numeric method to study the interaction of two peakons, in the form of
(1.5), for the Novikov equation. Especially, in this example, we show the energy concentration,
which indicates the failure of W14(R) space in studying the Lipschitz continuous dependence, or
in another word the necessity in using the transport metric.

As an example, we consider the following two-peakon initial data

Zp Jelzai(0 (8.1)

where p;1 = 1, pos = —0.5, g1 = —0.5 and g2 = 0.5, as shown in Figure 4.

FiGURE 4. Two peakons: Initial data.
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By studying the dynamical system (1.6) of p; and ¢; in a numeric way, we can clearly see, from
Figure 5, that two peakons will interact. Similar simulation can be found in [19].

In order to know whether there is any energy concentration when two peakons interact, one
needs to study the energies £ and F in the interval [gi(t), g2(t)] near and at the time when two
peakons collide. Here x = ¢1(t) and = = ga(t) are two characteristics starting from the tips of two
initial peakons, respectively. However, the analysis becomes very hard at the collision if one only
uses the system (1.6), because of the blowup of p;.

Instead, in this paper, we use the semi-linear system established in [9], which dilates the inter-
acting characteristics in the new (¢,Y)-coordinates. In fact, integrating (4.2), one has

ut,Y) =u(0,Y) — [ 9. P + P dt,
a(t,Y)=a(0,Y) + fot 2u3 cos? § — usin® § — 2cos? $ (P + 9, P) dt, (8.2)
E,Y) =E(0,Y) + [3 €[(2u® +u) — 2(Py + 8, )] sina dt.

We use an iteration:

un+1(ta Y)= U(O, Y) - f(;t 896P1(um an, &n) + Paun, an, &) dt,
an+1(t,Y) = a(0,Y) + fot 2u3 cos? G —up sin? G- 2 cos? G (P14 02 Po) (U, an, &n) dt,
En1 (1Y) = £(0,Y) + [3 €[(2u + un) — 2(Py + 02 Po) (un, an, &n)] sin v, dt.
(8.3)
with initial data
w(0,Y), «(0,Y) and £(0,Y)
calculated by (8.1) and (4.1). Here n is the iteration index. The graphs of u and « are given in
Figures 6 and 7, respectively.
The convergence of this algorithm can be proved by a similar method as the one used in [9].
This is one of the greatest advantages of our algorithm.
Then we study the energies £ and F, defined in (2.6)—(2.7), between two characteristics = = q1(¢)
and x = ¢o(t) starting from the tips of two initial peakons, respectively.
We introduce several notations: First, we denote

Y1 = Y(Oa q1 (0))’ Yo = Y(Ov Q2(0))7

q1’ q2

FIGURE 5. Interaction of two peakons on (t,z)-plane. The blue line is for the
characteristic ¢1(t) and the red dash line is for the characteristic ga(t).
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which are constant on two characteristics, respectively. And we denote that ¢ = t, is the time when
two peakons first interact and

qx ‘= QI(t*) = QQ(t*)-
By (4.1), (2.6) and (2.7), before the interaction of two peakons, we have

1
Fla(t), ¢o(t)] = / (u + 2022 — Lyt ) da
[a1(t).2(0)] 3

4. 4 2 2@ . ov 1 ,4a)
= u” cos” — 4+ 2u”cos® —sin“ = — —sin” — | £ dY
/[yl,yﬂ( 2 2 2 3 2

0

1 .

, .
~3 '

\ .

5

® -5 0 5

Y

FIGURE 6. Solution u(t,Y).

-5 0 5
Y

FIGURE 7. Function «(t,Y). When o = (2k + 1)7, with any integer k, |uz| blowup
(when two peakons collide). In this example, « attains —m.
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and
Llq1(t), q2(t)] == / ud(t, z) dx :/ (sin g){ dy.
[p1(t) p2(0)] mys 2
From Figure 8, we see that L[q1(t), g2(t)] is always positive. And when t = t,,

1
Fl{g}] = vi.({q.}) = / <u4 cos* &+ 202 cos? L sin? L — - sin O‘) £(t,,Y) dY
[Y1,Ya] 2 2 2 3 2

and
= sin* & #
Clfa = [ it e y) v

are also nonzero. This means that there exists fourth-order-energy concentration at the point g,
when peakons interact in our example. This exactly shows the failure of natural Sobolev norm from
energy law in studying the stability or Lipschitz continuous dependence of solutions, as shown in
Figure 1.

Here, we note that by studying the solution on the (¢, Y')-coordinates, we can avoid the difficulties
caused by the blowup of |uy|. One can clearly see that above integrals in the interval [Y7, Ys] are
ordinary integrals instead of improper ones.

Similarly, before the interaction of two peakons,

Elar(t), g2(1)] =/ (u® +u2)(t, ) do :/

[q1(£),q2(¢)] V1
However, it is clear that when two peakons interact at time ¢ = t,, cos § = 0, hence,

2 . 20 . 28) 2@ gy
v (u cos 2+sm 5 & cos 5 .

9 QY ol

«o
E{g.} = / u? cos® — + sin 5(:052 te,Y) dY = 0.
{a+} Y1,Y] ( 2 2) 2 ( )

This tells that there exists no second-order-energy (&) concentration for any weak solutions.
One can also find a picture of u(¢, ) on the original (¢, x)-coordinates in Figure 9.
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