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Abstract

Relying on the analysis of characteristics, we prove the uniqueness of conservative
solutions to the variational wave equation uy —c(u)(c(u)uy)z = 0. Given a solution u(t, x),
even if the wave speed c(u) is only Holder continuous in the ¢-x plane, one can still define
forward and backward characteristics in a unique way. Using a new set of independent
variables X, Y, constant along characteristics, we prove that ¢, z, u, together with other
variables, satisfy a semilinear system with smooth coefficients. From the uniqueness of the
solution to this semilinear system, one obtains the uniqueness of conservative solutions
to the Cauchy problem for the wave equation with general initial data u(0,-) € H'(IR),
ut(O, ) S L2<B>

1 Introduction

Consider the Cauchy problem for the quasilinear second order wave equation
U — c(u) (c(u)um)z =0, (1.1)
with initial data
u(0,2) = up(z), ut(0, ) = uy(z) . (1.2)

Here up € H'(IR) while u; € L*(IR). We assume that the wave speed ¢ : IR +— IR, is a
smooth, bounded, uniformly positive function, satisfying

0 < ¢ < c(u) < M, I (u)] < M for all w. (1.3)

The above Cauchy problem has been studied in several papers [5, 8, 10, 11, 12]. In particular,
the analysis in [8] shows that the problem (1.1)-(1.2) has a weak solution which conserves the
total energy. Indeed, a global flow of such solutions can be constructed, both forward and
backward in time, exhibiting some kind of continuous dependence on the initial data. The



approach developed in [8] relied on the introduction of a set of auxiliary variables. Using these
variables, one obtains a semilinear system of equations having unique solutions. In terms of
the original variables, this yields a solution u = u(t, z) of the Cauchy problem (1.1)-(1.2), for
which the total energy is a.e. conserved. The main results in [8] can be summarized as follows.

Theorem 1. Let ¢ : IR — IR be a smooth function satisfying (1.3). Assume that the initial
data ug in (1.2) is absolutely continuous, and that (ug), € L?, wy € L?. Then the Cauchy
problem (1.1)-(1.2) admits a weak solution u = u(t,x), defined for all (t,z) € IR x IR. In
the t-x plane, the function u is locally Hélder continuous with exponent 1/2. This solution
t — u(t,-) is continuously differentiable as a map with values in Lfoc, forall 1 < p < 2.
Moreover, it is Lipschitz continuous w.r.t. the L? distance, i.e.

Hu(t,-)—u(s,')HL2 < LIt — s (1.4)

for all t,s € IR. The equation (1.1) is satisfied in integral sense, i.e.

// [qﬁt up — (c(u)QS)zc(u) ux] dxdt = 0 (1.5)

for all test functions ¢ € CL. Moreover, the maps t — wuy(t,-) and t — uy(t,-) are continuous
with values in LY (IR), for every p € [1,2].

loc

In general, the solution constructed in Theorem 1 is not unique. To select a unique solution,
additional properties must be imposed. In particular, one can require that the total energy
be conserved.

It is convenient to introduce the variables

R = w+c(u)uy,

{ S = u—c(u)uy, (1.6)

so that R4S R_g

= r — _ . 1
Ut 2 9 u %2 ( 7)
By (1.1), the variables R, S satisfy
R, —cR, = S(R?-5?),

(1.8)

Si+eSy = £(S?—R?).

Multiplying the first equation in (1.8) by R and the second one by S, one obtains balance laws
for R? and S?, namely

(R?); — (cR?), = £.(R®S— RS?),

/ (1.9)
(S?)¢ + (cS?), = —S—C(RQS — RS?).
As a consequence, the following quantities are conserved:
52 — R?
E = Q(U?—}—CQU?C) = R?+ 8%, M = —wu, = 0 (1.10)
c



One can think of R? and S? as the energy of backward and forward moving waves, respectively.
Notice that these are not separately conserved. Indeed, by (1.9) energy is transferred from
forward to backward waves, and vice versa.

Theorem 2. Under the previous assumptions, a solution uw = u(t,z) can be constructed which
is conservative in the following sense.

There exists two families of positive Radon measures on the real line: {u'} and {uf}, de-
pending continuously on t in the weak topology of measures, with the following properties.

(i) At every time t one has

pl(R) + il (R) = Ey = 2/00 {u%(m)—k(c(uo(x))uo7$(a:))2} dz . (1.11)

—00

(ii) For each t, the absolutely continuous parts of pu' and p!, w.r.t. the Lebesque measure
have densities respectively given by

R? = (ut+c(u)ux)2, s? = (ut—c(u)ux)Q. (1.12)

(iii) For almost every t € IR, the singular parts of u' and ,uﬁr are concentrated on the set
where ¢/ (u) = 0.

(iv) The measures pt and u& provide measure-valued solutions respectively to the balance

laws )
we — (cw), = %(RQS — RS?),
/ (1.13)
2+ (c2)y = —5(R*S— RS?).
Remark 1. In principle, the equations (1.13) should be written as
wy — (cw)y = %(Sw — Rz),
/ (1.14)
2+ (cz)e = —5(Sw— Rz).

This reflects the fact that, if w = w® + w® is a measure with an absolutely continuous and a
singular part, then both of these multiply S. However, we are here making the assumption
that the solution is conservative, so that by (iii) the product ¢/(u)w® = 0 for a.e. time ¢. For
this reason, on the right hand side of (1.14) we can replace w with the measure w® having
density R? w.r.t. Lebesgue measure. Similarly, we can replace z with the measure z® having
density S? w.r.t. Lebesgue measure.

Observe that the total energy represented by the sum p! + pf is conserved in time. Occa-
sionally, some of this energy is concentrated on a set of measure zero. At the times 7 when
this happens, uf + ui has a non-trivial singular part and

E(r) = /_00 [u?(T,:ﬂ)—}—CQ(U(T,x))u?E(T,J:) dr < Ep.

The condition (iii) puts some restrictions on the set of such times 7. In particular, if ¢/(u) # 0
for all u, then this set has measure zero.



Our present goal is to understand whether these conservative solutions are unique. In a way,
our approach is the inverse of [8]. Given a conservative solution u = u(t, z), we define a set of
independent variables X,Y and dependent variables u,w, z, p, ¢, and show that these satisfy
a suitable semilinear system of equations. By proving that this semilinear system has unique
solutions, we eventually obtain the uniqueness of solutions to the original equation (1.1).

In essence, this semilinear system describes the evolution of u and its derivatives along char-
acteristic curves, i.e. curves t — 2% () which satisfy the ODEs

(1) = —cult,z= (), it (1) = c(ut,zt (1)) (1.15)

At this naive level, the approach runs into a fundamental difficulty. Namely, since the solution
u is only Hélder continuous, for a given y € IR the Cauchy problems for the ODEs in (1.15)
with initial data

z£(0) = 7, (1.16)

may well have multiple solutions. To overcome this difficulty, our analysis relies on two ideas.
To simplify the exposition, we here assume that the measures ! , uﬁr are absolutely continuous
for a.e. t.

e The two balance laws (1.9) imply

x~ (¢) z=(t)

% R2(t,z)dz = / %(RQS—RSZ)dx, (1.17)
zt(t) xt(t)

% S2(t,x)dz = —/ %(RZS—RSQ)dx. (1.18)

While the Cauchy problem (1.15)-(1.16) can have multiple solutions, the characteristic
curves t + x¥(t) can be uniquely determined by combining all the equations in (1.15)—
(1.18).

e Instead of the variables (¢, z), it is convenient to work with an adapted set of variables
#(t, ), y(t, B), where

x(t,a)

s+ [ R e = a, (119
y(t,B)

y(t,8) + /_ S2(t,¢)de = 5. (1.20)

Here the parameter « singles out a backward characteristic, while 5 singles out a forward
characteristic.

Our main result is the following.

Theorem 3. Let ¢ : IR — IR be a smooth function satisfying (1.3). For any initial data
up € HY(IR), wui € L2(IR), the conservative solution to Cauchy problem (1.1)-(1.2), which
satisfies all conditions (i)-(iv) in Theorem 2, is unique.

The main technique used in the proof is similar to the paper [3] by the same authors, dealing
with the Camassa-Holm equation, and was inspired by the uniqueness result in [9]. However,



in the present case of a second order wave equation, the analysis is harder. Indeed, for the
Camassa-Holm equation one has a single family of characteristics. After a change of variables,
each characteristic is obtained by solving an ODE with Lipschitz continuous right hand side.

On the other hand, for the wave equation (1.1) one has two families of characteristics moving
forward and backward, respectively. After a change of variables, the ODEs which determine
these characteristics are still no better than Holder continuous. However, the singularities are
transversal. Uniqueness and Lipschitz continuous dependence of solutions on the initial data
can thus be established using ideas from [1, 4, 6].

The paper is organized as follows. In Section 2 we review the basic equations and prove
an a priori estimate on the total amount of wave interactions. In Section 3 we show that,
for a given conservative solution u = wu(t,x), one can uniquely determine a forward and a
backward characteristic through each initial point. In Section 4 we introduce the characteristic
coordinates (X,Y’) and prove Lipschitz continuity of map (X,Y) — (¢t,z,u). In Section 5
we introduce some additional variables and show that they satisfy a semilinear system with
smooth coefficients. The uniqueness of solutions to this semilinear system yields the uniqueness
of conservative solutions to the original wave equation (1.1).

2 Adapted variables and wave interaction estimate

Recalling (1.3), for notation convenience, we introduce the constant

C/

2¢

M

Co = < —.
L 200

(2.1)

Let u = u(t, x) be a conservative solution of (1.1), having all the properties listed in Theorems 1
and 2. For any time ¢ and any «, § € IR, we define the points x(¢, ) and y(t, 5) by setting

x(t,a) = sup{x; 4+ pt (] —o0,2]) < a}, (2.2)

y(t,8) = swp{a: a+pf(]-o00a]) < B} (23)

Notice that the above holds if and only if, for some 6,6’ € [0, 1], one has
2(t, @) + b (]—oo, a(t, ) [) +e.ug({x(t, a)}) - a, (2.4)

y(t.8) + 1y (] =00, y(t.B)[) + 0" it ({u(t.8)}) = 5. (2.5)

Since the measures u! /,Lﬁr are both positive and bounded, it is clear that these points are

well defined. In the absolutely continuous case, the equations (2.4)-(2.5) are equivalent to
(1.19)-(1.20).

Lemma 1. For every fized t, the maps o — z(t,a) and [ — y(t,B) are both Lipschitz
continuous with constant 1. Moreover, for fized o, B, the maps t — x(t,«) and t — y(t, ) are
absolutely continuous and locally Hélder continuous with exponent 1/2.



Proof. 1. The first part is straightforward. Indeed, if
r1 = z(t,on) < z(t,a) = w2,

then
zo—x1 < o — a1+ pt(Jrr,me]) < az— .

The same argument applies to the map 8 — y(¢, 5).

2. To prove the second statement, denote by ut ®u§r the product measure on IR? and consider
the wave interaction potential

QW) = (@) ({(wy); @>y}). (2.6)
We recall that pf (IR) + p (IR) = Ep is the total energy, constant in time. Since R?(t,-) and

S2(t,-) provide the absolutely continuous parts of u* and k., respectively, recalling (1.3) and
using the balance laws (1.13) we obtain

d 400 “+o00
o0 < —a / St 2) Bt ) de + < / |R2S—Rs2r<t,y>dy> dyi ()

o Co
M Yy
o [([ 102 - (00 e ) it o)
€o —00
+oo M Foo
< - co/ S2R? dx + %(ut_(ﬂ%) + uﬁr(lR))/ |R2S — RS?| dx
—00 0 —00
+00 M +o0
S —Co/ S2R2dﬂ’}+26E0/ (‘R25|+|R82|) dm
—00 0 —00

“+oo
_Q S2R? dz + /

|R2S| dx+/ |RS?| dx
—00 {2M Eo>c2|S|}

{2M Eo>c2|R|}

oo 2ME
< -2 S2R? dz + 0/ (R? + 5%) da
2 J_ Co oo
< -2 " R dg +2ME°
2 J_ & CO
(2.7)
Since Q(t) < E3 for every time ¢, from (2.7) it follows
T e 5 2 2MEO 2F?2 4ME0
R*(t,2)S*(t,x)dedt < —-|(Q(0)—Q(T)) + T < —+ T.
0 —c0 Co CO Co CO
(2.8)



3. For a given 7 and any ¢ €]0, 1], we now estimate

T+e 400
/ / |R2S — RS?| dx dt

T+e T+€
/ / |R2S]dxdt+/ / |RS?| da dt
T S<eg—1/2 T R<e—1/2

T+e€ T+€
+/ / |R2S| da dt +/ / |RS?| da dt
T S>e—1/2 T R>e—1/2

T+e +oo
—1/2/ / (R? + 5?) dx dt (2.9)

IN

IN
(O

T+e€ ’RZS‘ T+¢€ ‘RS2’
R?S? dx dt / / R?S? dx dt
+/T /5251/2( )RQSQ T at + i 32571/2( )RQS2 x

2FE2  4AME?
=04+ —)

Co o

< Eoel/? 4212

4F? ME?
< [E0+0+8 30}51/2.
Co CO

As a consequence, the function ¢ defined by

o= [

is locally Holder continuous, nondecreasing, with sub-linear growth. Since R?S — RS? ¢
/

L!([0,T] x IR), by Fubini’s theorem the map t / ZC—(RQS - RSQ)’ dz is in L([0, T)). By its
c

definition at (2.10), the function ¢ is absolutely continuous. Recalling (1.3), for 0 < to—¢; <1
we have

CI
Z—C(RZS — RS?)

dz dt (2.10)

C(t) — C(t1) < Cy(ty — ta)V/2,

where the constant Cy is defined as

M AE?  8ME?
C, = — [E0+0+ - 0] (2.11)
Co 0 o

4. We recall that the family of measures u! satisfies the balance law in (1.13) with velocity
—c(u) € [-M,0]. For any t; < to and any «, this yields the inequalities

p'? (]—oo, x(ty, ) D > i <]—oo, z(ty, ) D — [¢(t2) = ¢(t1)], (2.12)
pt (}—007 w(ty, a) — M(ty _tl)D < ol (}—oo, z(ty, ) [) +[Ct2) —¢t)] . (2.13)
From the definition (2.4) it thus follows

z(ti,a) = M(ty —t1) = [C(t2) — C(t)] < z(te,a) < x(ti,a) + [C(t2) —C(t)].  (2.14)

By the properties of the function (, proved in step 3, this achieves the proof. Of course, the
same argument can be applied to the map t — y(t, 3). O



Remark 2. For each fixed ¢, the map a — z(t, «) is Lipschitz continuous, hence a.e. differen-
tiable. We can define the set of singular points Q! and the set of singular values V! according
to

d
Q= {a €R; 8—:1:(t, a) = 0 or else this partial derivative does not exist}, (2.15)
«

vt o= {x(t,a); ae Qt}. (2.16)
Observe that V! has zero Lebesgue measure.

In general, the map « — x(t, @) is onto but not one-to-one. However, for every regular value
2o € IR\ V! there exists a unique ag such that o = z(t, ap).

If now f € L!(IR), the composition f(a) = f(z(t,a)) is well defined for a.e. « € R\ Q.
The integral of f can be computed by a change of variables:

- 0 ~ 1
/f(:u) dx = /R\sz(a) 870436(75 a)da = /]R\Qt f(a) - T R o) do.  (2.17)

3 Recovering the characteristic curves

The next lemma, which plays a crucial role in our analysis, shows that for a conservative
solution the characteristic curves can be uniquely determined. Observe that, in the general
case where the measures p’ , 1, need not be absolutely continuous, the identities (1.17)-(1.18)
can be written in the equivalent integrated form

/R2Oxdm+// RQS RSZ)d ds = p (]oo:c()[)+9(ty ( t}),
(3.1)
[ s0.04- // S =R s — it (1000 ) 40074 (10 t(}z)

for some functions 6,6 € [0, 1].

Lemma 2. Let u be a conservative solution of (1.1), satisfying the properties stated in Theo-
rems 1 and 2. Then, for any § € IR, there exists unique Lipschitz continuous maps t — x=(t)
which satisfy (1.15)-(1.16) together with (3.1)-(5.2).

Proof. We claim that there exists a unique function ¢ — «(t) such that

xz(t) = x(t,a(t)) (3.3)

satisfies the equations in (1.15)-(1.16) and (1.17). It suffices to prove the claim on the time
interval ¢ € [0, 1], then iterate the argument by induction. The proof will be given in several
steps.



1. Integrating the first equation in (1.15) w.r.t. time and summing it with (3.1) we obtain

v (1) + b (J—o0, = @®)]) +0(t) - pt ({=~(1)})

Y t z (s) J(R2S — 2
= zj—I—/ RQ(O,x)dx—i-/O (—c(u(s,x_(s)))—l—/ (RSRS)d:r> ds,

(3.4)
for some 6(t) € [0, 1].

From (3.3) and (3.4) we obtain an integral equation for a, namely

t z(s,0(s)) d(R2S — 2
a(t) = 07—1—/0 <—c(u(s,aj_(8)))—|—/ (RSRS>d;1:> ds. (3.5)

—oo 2c

Here ~
a = a(0) = y+/y R%(0,z) dx . (3.6)

Notice that the equation (3.5) is equivalent to

s(tal®) J(R2S — RS2
a(t) = G(ta(t) = —C(U(t,a:(t,a(t))))+/ C(RS — RS®)

oo 2c

dz , (3.7)

with initial data (3.6). We take (3.5) as the starting point for our analysis. In the following
steps we will show that this integral equation has a unique solution ¢ — «/(t). Moreover, the
function t — z7(t) = x(¢, a(t)) satisfies the first equation in (1.15), as well as (1.17).

2. We first prove the existence of a solution to (3.5) on the time interval [0, 1]. Consider the
Picard map P : C°([0,1]) — C°([0,1]), defined as

x(t,a(t)) J(R2S — 2
—c(u(t,x(t,a(t))))+/ de ds. (3.8)

oo 2c

Pa(t) = 64+/0t

We claim that P is a continuous transformation of a compact convex set X C C%([0,1]) into
itself, with the usual norm

[fllco = max |f(t)].

te(0,1]

Here the set K is a set of Holder continuous functions, defined by

K = {fec(0,1]); |fllc < Ck, f(0)=a}, (3.9)



for a suitable constant C, to be determined later. Indeed, for any ¢t € [0, 1] one has

[Pax(t) — Paz(t)]

z(s,a2(s)) c’(RZS — RS2)

= | [ etuts n(s,an(60) = elus s ax(s)) + /w(sm(s)) B dnas
(s,2(s))

< M||ul|pay2|as — aq|Y2ds RS R| +|S])) dzds

< [ Mlulgplaz - el +//(Sal U (1rs1(r1 + 1))

<

1
C'o/ Eé/2|oz2—oz1|1/2ds
0

(s,2(s)) z(s,az(s 1/2
/ / R252dxds / / R2 + S%)dxds | .
(s,a1(s (s,a1(s
(3.10)

Here we have used Holder’s inequality and the fact that o — z(t, «) is Lipschitz continuous
with constant 1.

Consider any function o € C°([0,1]). As ||az — a1ljco — 0 we have ||z(-, a2) — 2(-, a1)||co — 0
as well. Since the functions R?S?, R?, and S? are all in L!([0, 1] x IR), the right hand side of
(3.10) approaches zero. This proves the continuity of the map P, in the C° norm.

Next, we need to show that, for a suitable choice of Ck, the transformation PP maps the
compact convex set K in (3.9) into itself. For 0 < t3 —¢; < 1, recalling (2.10) we obtain

to z(s,a(s)) J(R2S — 2
/t (—c(u(s,x(s,a(s)))) —I—/_ (RSRS)d:B> ds

oo 2c
to
i [ |2
t1

< M - (ty —t1) + [C(t2) — C(t1)]

"P()é(tg) - 'POé(tl)’ =

IN

—(R%*S — RS?)|dxdt

< (M +Cy)(ta — 1)/,
(3.11)
The above computation also yields

max |[Pa(t)] < a+M+C. (3.12)
t€[0,1]

Together, (3.11) and (3.12) yield an a priori bound on the Holder norm
||P()éHcl/2 < a+2(M+Cy),
where C] is the constant in (2.11).

By (3.8), Pa(0) = @. Choosing the constant Cx = &+ 2(M + C1) in (3.9), we obtain that P
maps K into K.

10



By Schauder’s fixed point theorem, the integral equation (3.5) has at least one solution.
Iterating the argument, this solution can be extended to any time interval t € [0, T].

3. In this step and the next one we prove that 7 (7) = x(7, a(7)) satisfies the first equation
in (1.15) at a.e. time 7.

Since %[RQS — RS? € LY([0,T] x IR), a classical theorem of Lebesgue implies that

1 d d
li L Crp2g 2 dudr = —[R2S — 21(¢
o //{(Tt)2+(yx)292} QC[R S — RS*|(r,y)dydr 5e [R*S — RS?|(t, x),
for all (¢,x) € ]0,T[ xIR outside a null set N3 whose 2-dimensional measure is zero.

If one divides by r instead of 72, by Corollary 3.2.3 in [13] there is a set N7 C N whose
1-dimensional Hausdorff measure is zero and such that

1 /
limsup — // C—[RZS—RSQ](T, y)dydr = 0
ro0t TS a0y <y 2

for every (t,z) & Ni. Therefore, there exists a null 1-dimensional set N' C [0,7] with the
properties

(i) For every 7 ¢ N and = € IR one has (1,z) ¢ N7,

(i) If 7 ¢ N then the map t — ((¢) in (2.10) is differentiable at ¢t = 7. Moreover, 7 is a

Lebesgue point of the derivative ¢’.
We conclude this step by observing that the map ¢ — x7(t) = z(¢, a(t)) is absolutely contin-
uous. Indeed, consider a finite sequence of times such that
0<s1 <t <s9a<ta< <8, <ty.

Using (2.14) and the fact that the map « — z(¢, «) is contractive, we obtain

S = e (tk) =2 (sk)| = |7 (b altr)) — 27 (sk, a(sk)|
=1

k=1

D e (try b)) = & (ks alsi)| + D (try a(sk)) — 27 (s, alsi)| (3.13)

<
k=1 k=1

< Z|04(tk) —a(sp))| + Z <M(tk — si) + |C(tr) — C(Sk)D :
k=1 k=1

Since the two maps «a(-) and ((-) are both absolutely continuous, given £ > 0 there exists
0 > 0 such that the inequality
v
Z |tk — Sk| < 6
k=1

implies that both summations on the right hand side of (3.13) are < &/2. This proves the
absolute continuity of the map ¢ — x~ ().

By possibly enlarging the null set ' C [0, 7] we can assume that, in addition to (i)-(ii) above,
one has

11



(iii) The functions t — 2z~ (¢t) and ¢ — «(t) are differentiable at each point 7 € [0,7] \ V.
Moreover, each point 7 ¢ A is a Lebesgue point of the derivatives = and .

@ X

Figure 1: The construction used to prove that 7 (1) = —c(u(r,z~ (7)). The shaded area is
the support of the test function ¢°.

4. Let now 7 ¢ N. We claim that the map ¢ — a7 (t) = x(¢, a(t)) satisfies the first equation
in (1.15) at time ¢t = 7.

Assume, on the contrary, that £~ (7) # —c(u(r,27(7))). To fix the ideas, let
(1) = —c(u(t,z™(1))) + 2e9 (3.14)

for some g¢ > 0. The case g < 0 is entirely similar. To derive a contradiction we choose § > 0
small enough so that, as shown in Fig. 1,

X(t) = o (1) + (¢ = 7)[=c(u(r,z7 (7)) + 2] < =7 (1) (3.15)

for all t €]7, 7+ 48]. Since u is continuous while u;, u, € L2, by an approximation argument the
identity in (1.5) remains valid for any Lipschitz continuous function ¢ with compact support.

Given 7 < 7 < 7+ 4, for € > 0 small we shall construct a Lipschitz approximation ¢¢ to the
characteristic function of the set

Q= A{ty); te [7—77—/]7 y€[6_17 X(t)]}

For this purpose, consider the functions

0 if y<—el,
ely+eh if —el<y<e—el
p(t,y) = 1 if e—e!<y<X(t),
1—ely—X(1) if X(t) <y<X()+e,
0 if y>X(t) +e,
0 if t<7—c¢,
e l(s—7+¢) if 7—e<t<m,
X(t) = 1 if r<t<rt, (3.16)
1—ett—7) it 7 <t<7 +e
0 if t>7"+e

12



Define the Lipschitz function with compact support

¢(ty) = min{p(t,y), x“(O)}- (3.17)

Using ¢° as test function, since the family of measures u! satisfy the first equation in (1.13),
we obtain

/
/[/(gpg—ap;)dut_ +/2CC(RQS—RSQ)¢E dr|dt = 0. (3.18)

We now observe that, if 7/ is sufficiently close to 7, then for any t € [r,7'] and x close to
x~(7), one has

0 = ¢ + [—e(ul(r,2(1))) + eoly < @i —clult, )5,
because —c(u(t,z)) < —c(u(r, z(7))) + €0 and ¢ < 0.

Since the measures p! depend continuously on t in the topology of weak convergence, taking
the limit of (3.18) as € — 0, for 7,7 ¢ N we obtain

/

nZ (] — 00, X(T’)]) > pl (] — 0, X(T)]) + /TT/ /):t) ;;[RQS— RS?|dxdt.  (3.19)
By (3.15), for t €]7, 7 + 0] one has

pt (1= 00, X)) < ut (] =00, 2™ @) (3.20)

Using (3.19)-(3.20) one obtains

alt)~a(r) = |o~@)+t (1= 0, o~ @) | - [0+ 47 (1= o0, 2 ()]

> [ —c(u(r,z™ (7)) + 250} (t—7)+ /Tt /_;(S) ;;[R2S — RS?|dyds + ot — 7).

(3.21)
Since 7 ¢ N, the term

t rx(s) J
ot —71) = / /X() %[RQS—RSQ] dyds

is a higher order infinitesimal, namely Oat::) — 0 as t — 7+. Differentiating (3.21) w.r.t. ¢t at
t = 7, we obtain
x (1) J

5% [R?S — RS?] dyds

a(r) > [—c(u(T,x*(T))) +2€0} —i—/

—00

in contradiction with (3.7).

5. 1In this step we prove the uniqueness of the solution to (3.6)-(3.7). Consider the weight

W(t,a) = A7) (3.22)

13



with

A*(t,0) = gt (1= o0, a(t,a)]) +[C(T) - C(0) (3.23)
Here ( is the function defined at (2.10), while
. M
K = 2—(:% . (3.24)

We recall that (1) —((t) provides an upper bound on the energy transferred from backward to
forward moving waves and conversely, during the time interval [¢,T]. In turn, A* (¢, «) yields
an upper bound on the total energy of forward moving waves that can cross the backward
characteristic z(+, «) during the time interval [¢, T'].

For any a1 < as and t > 0, we define a weighted distance by setting

(¢5)]
dD(a1, a0) = / W(t, o) do. (3.25)
a1

Consider two solutions of (3.7), say a1(t) < as(t). For convenience, we use the shorter notation

xi(t) = x7 (t, (1)), i=1,2.

We recall that, by the definition of conservative solution, the measures ¢/(u)-p, and ¢ (u) - ply

are absolutely continuous w.r.t. Lebesgue measure for a.e. time t. As before, R? and S? denote

14



the density of the absolutely continuous part of u! , and ,uﬁr, respectively. One has the estimate
az(t) az(T)
/ W(t,a)da — / W(r, ) do
a1(t) ai(T)
as(t)

t
= / oW (s, an) — W (s, an) +/ gW(s,a) dads
T ar(ty o

- t proas(s) i B x(s,a)w
= /T /al(s) {6a [( C(u(s,x(s,a)))—i—/_oo o dx) W (s, a)

t pas(s) C/(S—R) J (RZS—RSQ)
B /;. /al(s) |:26(1 +R2) + 26(1 +R2) :| W da

ot

+ 8W(S,CM)} dads

as(s) z(s,a) J(P2Q _ 2 2
+ —c-|—/ BS - RS7) dz S 5 kW dads
a1 (s) o 2¢ 1+R

/t /ag(s)
T Jai(s)

t a2(3) C/(S — R) C/ (RQS . RSQ) t az(s) )
N /T /a [26(1 + R?) * 2¢(1 + R2) ]WdadS—/T /al(s) 2¢S°kW dads

_ / t / e / VRS RS )| W dads
T Jai(s) —00 2¢
/t /ag(s){ J
T Jai(s) 2c
/t /az(s){
T Jai(s)
By Gronwall’s lemma this implies

d® (a1 (t), az(t)) < et dO(a1(0), a2(0)), (3.27)

dz +C(s)| - kW dads

1—|—2R2 CS2+ 1+R2—|—52 /x(s,a) C/(RQS—RSQ)
1+ R? 1+RrR2 )

00 2c

IN

(1 + S|+ 1S+ |SQ|) - 2052/1} W dads

t ras(s)
. / / W dads .
Loo T Jai(s)

(3.26)

Lo

C/

2c

IN

2(1 4 5?) — 2052n} Wdads <

Cl
2c||L

with Cy = || /2¢||L~. For every initial value @ this yields the uniqueness of the solution of
(3.6)-(3.7).

6. Finally, we claim that, for any initial data (1.16), there exists a unique function z~(t)
which satisfies the first equation in (1.15) together with (3.1).

Indeed, let z7 (t) and z, (t) be two solutions with 27 (0) = 25 (0) = y. For i = 1,2, consider
the functions

y t ey (t) J(p2a _ pQ2
a;(t) = z; (t) +/ Rz(O,x)da:—i—/ / ¢ (R S2 1S )dazds.
—00 0 J—oo c
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Then z; (t) = x(t,4(t)), and both ai,as are solutions to the Cauchy problem (3.5), with
initial data

a1(0) = az(0) = y—i—/y R(0, ) dz .

The uniqueness result proved in step 5 now implies z (t) = x(t, a1(t)) = z(t, aa(t)) = x5 (1).
UJ

4 Lipschitz continuity in characteristic coordinates

Let u = u(t,x) be a conservative solution to the wave equation (1.1) with initial data (1.2).
Given (X,Y) € IR?, there exists unique initial points # = x9(X) and § = yo(Y) such such
that

T

Y
X = :E—I—/ R%(0, z)dz, Y = ﬂ—l—/ S2(0, x)dz. (4.1)

—0oQ
By Lemma 2, there exists a unique backward characteristic ¢t — x~ (¢, Z) starting at z, and a
unique forward characteristic ¢ — 7 (¢,7) starting at y. Indeed, recalling (2.4)-(2.5), we can
write

z=(t,x) = w(t, o)), zT(t,5) = y(t.B(1)), (4.2)
where «(-) provides a solution to (3.7) with initial data a(0) = X, and similarly for 5(-).

Assuming that > 7, we define
P(X,)Y) = (t(X,Y),z(X,Y))
to be the unique point where these two characteristics cross. That means
T (HX,Y),2) = 2T (tX,Y),y) = x(X,Y). (4.3)

We then define
u(X,Y) = u(t(X,Y),z(X,Y)). (4.4)

Lemma 3. The map (X,Y) — (t,x,u)(X,Y) is locally Lipschitz continuous.

Proof. 1. For a fixed Y, we show that the map X — (¢,z,u)(X,Y) is locally Lipschitz
continuous. Fix an interval [0,7] and let X; < Xa. Recalling the notation in (2.4)-(2.5),
consider the backward characteristics

t—z1(t) = (¢ ai(t)), t— zo(t) = x(t, aa(t)), (4.5)

where a1, ag are the solutions of (3.7) with initial data «1(0) = X3 and a2(0) = Xo, respec-
tively. Similarly, let ¢t — y(¢, 3(t)) be the forward characteristic, with 3(0) =Y.

As shown in Fig. 2, assuming that y(0,Y) < (0, X31), let t1,t2 be the times when these
characteristics cross, so that x(t;, a;(t;)) = y(ti, B(t:)), i = 1,2.

2. According to (3.27), we have
OéQ(tl) - 041<t1) S C(O@(O) — (Xl(O)) = C(X2 — Xl), (4.6)
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for some constant C' uniformly bounded as #; ranges over a bounded interval. In turn this
implies

(X2, Y)—x(X1,Y) < z(t1,00(t1)) —z(t1,1(t1)) < as(t1)—ai(t1) < C(Xa2—Xq), (4.7)
proving the Lipschitz continuity of the map X — z(X,Y).
In turn, we have

HXo,Y) — H(X1,Y) < el - (2(Xa,Y) = 2(X1,V)) < Jle(@)lliee - € (X — X1), (4.8)

showing that the map X +— ¢(X,Y) is Lipschitz continuous as well.

X(t, o(t))

t| (o) y(t,B(1)
Q

L N Q.

o/ T
L 5

€
0 X

Figure 2: Proving the Lipschitz continuity of ¢, x, v as functions of the variables X, Y.

3. It remains to show that the map X — wu(X,Y) is Lipschitz continuous. Let X; < Xy
and Y be given. As in step 1, consider the backward characteristics ¢t — x;(t) = x(¢, a;(t)),
i = 1,2, and the forward characteristic ¢ — y(t) = y(¢, 8(t)), with a;(0) = X; and 5(0) =Y.

As shown in Fig. 2, consider the intersection points
P = (t,z(t,01(t))), Q= (t2, x(t2, 02(t2))).
Moreover, for > 0 small, consider the curve
to= y(t) = y(t,B(t) +n,
and call P, @, the points where this curve intersects the two backward characteristics (4.5).

Since u = u(t, x) is continuous, one has

e—=04+ €

WXeY) = u(X0Y) = (@ -u(P) = Jim = ["(u@)-up))dn. @)

Call I'; the rectangular region bounded by the two backward characteristics in (4.5) and by
the curves 79, 7. (the shaded region in Fig. 2). We now compute

/:u(Qn) Py = / / 8 [ut + c(ut,y(t)))us — R(tvw)} ddt / / ERdxdt (4.10)

= L+ 1.

17



We estimate the two integrals on the right hand side of (4.10). Assuming 0 < t; < t3 < T, by
Cauchy’s inequality we obtain

n| < // efut, (1)) — clu(t, )| Jus (1, 2)| et

T
— . T — 1/2 U T X
- o) / ( /OM(M\ y(O)V2 lug (1, 2)) d )dt

T 1/2
_ 0(1)-/ 5</ |ux(t,x)|2d:v> dt.
0 O<z—y(t)<e

This implies

1
Jim — = 0. (4.11)

Next,
|| < /(1+R2)da;dt (4.12)

To estimate the above integral, consider the weight function

0 if x<y(t),
Ve(tz) = x‘gy“) it 2 yt), ylt) + e,
1 if x>y(t)+e.

\
Since the family of measures u! satisfies the balance equation in (1.13) with speed < —cy, for
a.e. time ¢ such that z1(¢) < y(t) < y(t) +e < z2(t) we have

(t)+e
1 / R(tr)dr < =t (Jea(e), 2200))

€ Jy
Ig(t)
b4 [/ V(t,z)du" dx.

N /m(t) | (u)] }RQS - RSQ‘

260 dt 1 (t) 1 (t) 2¢c

Integrating over the interval [t1,t2] and using the estimate (3.26) to control the total contri-
bution of the source term, we obtain
| L2

1
Bl 6/ (14 RY)dedt < (t—t1) +

2;()(2 — X)) +0(1)- (Xo— X1).  (4.13)

This proves the Lipschitz continuity of the map X — u(X,Y).

The Lipschitz continuity of (¢,z,u) as functions of Y is proved in exactly the same way. [J
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Remark 3. By Rademacher’s theorem, the above result implies that the map
A (X)Y) = ((X,Y), 2(X,Y)) (4.14)

is a.e. differentiable. We can thus consider the set € of critical points and the set V of critical
values of A, by setting

Q = {(X,Y); either DA(X,Y) does not exists, or else det DA(X,Y) = O}. (4.15)

Vo= {A(X, Y): (X,Y)e Q} (4.16)
By the area formula [13], the 2-dimensional measure of V' is zero.

In general, the map A : IR? — IR? is onto but not one-to-one. However, for each (tg,zq) ¢ V/,
there exist a unique point (X,Y’) such that A(X,Y") = (¢, zo).

Next, consider a function f(t,z), with f € L'(IR?). Since f is defined up to a set of measure
zero in the ¢t-x plane, the composition f(X,Y) = f(A(X,Y)) is well defined at a.e. point
(X,Y) € IR?\ Q. Moreover, we have the change of variable formula

f(t,z)dedt = / f(X,Y)-|det DA(X,Y)|dXdY. (4.17)
R2 R2\Q

To compute the determinant of the Jacobian matrix DA, we observe that

xx = c(u)tyx, ry = —c(u)ty, (4.18)
tx  ty Gy Tetn
DA = = . (4.19)
rx Ty rx Ty
Hence 5
= — . 4.2
|det DA| o) TXTy (4.20)

For future use, in the X-Y plane we define the “good set”

G = R*\Q. (4.21)

5 An equivalent semilinear system

In this section we introduce further variables and show that, as functions of X,Y, these
variables satisfy a semilinear system with smooth coefficients. In particular, their values are
uniquely determined by the initial data. By showing that the map (X,Y) — (¢, z,u)(X,Y) is
uniquely determined, we eventually obtain the uniqueness of the solution u(t, z) of the Cauchy
problem (1.1)-(1.2).
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Recalling (2.2)-(2.3), for given initial values @, § let t — a(t, @) and t — S(t, ) be the unique
solutions to

t z(t,e(t)) - 2qQ 2
alt) = a+/ (—c(0)+/ NS - R+ 'S - RS )dm> dt,
0

o 2c

o t81) g _ 20 _ pa2
B(t) = ﬂ+/0 <c(o)—/y AS - R+ B°S RS)d:c)dt.

o 2c

The existence and uniqueness of these functions was proved in Section 3. We recall that
t— 2 (t) = z(t,a(t)) and t — x7(t) = y(t,B(t)) are then the unique backward and for-

ward characteristics starting from the points (0, @) and y(0, 3), respectively. Define the new
dependent variables p(X,Y") and ¢(X,Y) by setting

p(X,Y) = ;aa(T, a)

o axy) = L p)

(5.1)
G=X, r=t(X,Y) op

' B=Y, r=t(X,Y)

In addition, recalling the definitions of the maps a — z(¢,«) and 5 — y(t,3) in (2.2)-(2.3),
we define

. 0 . 0
V(X.Y) = SE(HX.Y),alta(X. V). HGY) = GE00Y) Bl #(X,Y)))
(5.2)
Finally, observing that the functions c, p, g are strictly positive, we define &, { by setting
N 2c(u(X,Y)) . 2c(u(X,Y))

By Rademacher’s theorem, the above derivatives are a.e. well defined, because

(i) for any ¢, the functions @ — a(t,a), B — B(t,B), a — z(t,a), and B — y(t,3) are
Lipschitz continuous, and

(ii) by Lemma 3, both x and u are Lipschitz continuous functions of X, Y.
Moreover,
p(X,Y) = ¢(X,Y) =1 if t(X,Y) = 0.

Our main goal is to show that these variables satisfy the semilinear system with smooth
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coefficients

Uux = igp, uy = iCQ7
_ 1 1
rx = §pr Ty = _anv
tX = Qicypa tY = QLCUQ7

py = £=[C — &lpa,

ax = £1¢€ — (lpa, (5.4)
vy = (v —n)a,

nx = —2¢(v —n)p,

&y = =+ v)q+ (6 +v)q,

(x=—&m+v)p+ S (C+n)p.

More precisely, we have

Theorem 4. By possibly changing the functions p,q,v,n,£,( on a set of measure zero in the
X-Y plane, the following holds.

(i) For a.e. Xo € IR, the functions t,x,u,p,v,& are absolutely continuous on every vertical
segment of the form Sp = {(Xo,Y); a <Y < b}. Their partial derivatives w.r.t. Y
satisfy a.e. the corresponding equations in (5.4).

(ii) For a.e. Yy € IR, the functionst,x,u,q,n,( are absolutely continuous on every horizontal
segment of the form Sop = {(X,Yy); a < X < b}. Their partial derivatives w.r.t. X
satisfy a.e. the corresponding equations in (5.4).

Toward a proof, we recall a standard result in the theory of Sobolev spaces.

Lemma 4. Let I' =]a,b[ x]c,d[ be a rectangle in the X-Y plane. Assume that u € L*(T)
has a weak partial derivative w.r.t. X. That means

/F (upx + fo) dXdY = 0 (5.5)

for some f € LYT) and all test functions ¢ € C°(T'). Then, by possibly modifying u on a set
of measure zero, the following holds. For a.e. Yy €]ec,d[, the map X — u(X,Y)) is absolutely
continuous and

Efxu(X,Yo) = f(X,Yp) for a.e. X €la,b|. (5.6)
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For a proof, see for example [2], p.159, or [13], p.44. To use the above result, it is convenient
to replace the test functions ¢ with characteristic functions of arbitrary rectangles contained
inT.

Lemma 5. Let I' =]a,b[ x]c,d[ be a rectangle in the X-Y plane. Assume that u € L*(T)
and f € LY(T'). Moreover assume that there exists null sets N'x Cla,b[ and Ny Cle,d| such
that the following holds.

For every X1,Xo ¢ Nx and Y1,Y2 ¢ Ny with X1 < Xo and Y1 < Y3, one has

/Y2 [u(X2,Y) — u(X1,Y) | dy = /:2 YQf(X,Y)dXdY. (5.7)

Y1

X1

Then the conclusion of Lemma 4 holds.

Proof. Consider any test function ¢ € C°(I'). We need to show that (5.5) holds. Given
€ > 0, we can find points

a=Xog< X1 << Xny=b, c=Yy<V1 < ---<Yy=d
with X; ¢ Ny, Y; ¢ Ny and
Xi— X1 < g, Yi—Yi1 < e, i=1,...,N.
Define the approximate function ¢° by setting
P (X,Y) = o(Xi1, Y1) + (X = Xi1) - [0(Xy,Yic1) — o(Xi1, Y1)
Taking a sequence of these approximations with € — 0, we have the convergence

I = @llLe = 0, ek — ¢xlLe — 0.

Therefore,
/(ug@x + f)dXdY = lim [ (upk + f¢°)dXdY = 0. (5.8)
T e—0 T
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Indeed, for every approximate function ¢° one has

N X; Y;
/ (ug + fof) dXdy = 3 / / (ugse + fo°) AXdY
r X1 JYj 1

i,j=1

_ XN: /YY /XX [u(X“,YH/X:f(X',Y) ix’

i,j=1

05 dXdY

+ / / fefdXdY
Z Y1 /X1

,j=1

= - > / / fofdXdy
Yj—1J X1

,j=1

N ooy
- Z /y]._l [u(Xi’Y)SO(Xi’Yi*) - “(Xiflay)w(XiﬂYiq)] ay

,j=1

+ / / fefdXdY
Z Y1 /X

,j=1

Recalling the sets of regular and critical points G, €, defined at (4.21) and (4.15) respectively,
we now derive a representation for the variables v,7,&, ¢ in terms of R and S.

Lemma 6.

(i) If (X,Y)€G = IR*\Q then

p(X,Y) _ 2 q(X,Y) _ 2
x (XY 2(1+ R7), o (XY) 2(1+ 5%, (5.9)

v(X,Y) = ﬁa (X)Y) = 14_%7
(5.10)

77(X7Y) = 1.;.%7 C(va) = H%a

where the right hand sides are evaluated at the point (t(X,Y),z(X,Y)).
(ii) For a.e. (X,Y) € Q, one has

V(X,Y) = p(X,Y) = £X,Y) = ¢(X,Y) = 0. (5.11)
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Proof. 1. Consider a regular value (X,Y) € G. To fix the ideas, let t(X,Y) = 7. Recalling
the definition (2.2) and the fact that the absolutely continuous part of u” has density R?, we
conclude

0 1
On the other hand,
0
%CE(T,O((T,@)) = 22x. (5.13)

Together, the above equalities yield the first identity in (5.9). The second one is proved
similarly.

2. The first identity in (5.10) is precisely (5.12), and the second one is similar. To prove the
third identity we observe that, at a point (X,Y) € G,

ux = (ur+c(u)ug)tx = Rc(u)'
Therefore, by (5.9),
2¢(u) 2¢(u) Tx R
: p p c(u) 1+ R?

The last identity in (5.10) is proved similarly.

3. Finally, consider the set Gy of points (X,Y’) where the map A : (X,Y) — (¢,z) is differ-
entiable but either zy = 0 or zy = 0. By Rademacher’s theorem, the set IR? \ (G U Go) has
measure zero.

Assume (X,Y) € Gy, with 2x(X,Y) = 0. Then

or (o
XY) = —-=— = 0.
V(X Y) oa (aa>
In the same way one proves that n = 0.

Next, we claim that tx (X,Y) = zx(X,Y) = 0 implies ux = 0. This will be proved by refining
the estimates in step 3 of the proof of Lemma 3. Adopting the same construction, for any
d > 0 we can replace the bound (4.12) with

I < / (Cs + 6R?) dadt, (5.14)
Ie
where Cs = (46)~L. In this way, the estimate (4.13) can be replaced by

II;I < i/ (Cs+0R?) dadt < Cg(t2—t1)+5[%(XQ_Xl)"‘O(l)'(X?_Xl)}' (5.15)

£

Letting € — 0 this implies

X, )~ XLV € Calt(Xa,Y) ~ 1060, Y)] 46 [ (X = X0+ O(1) - (X = X)|
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In the above formula we can now take X; = X, Xo = X + €. Letting € — 0 one obtains

lux(X,Y)| = |lim uX +e V) —uX,Y)

e—0 e

< Cstx +6-0(1).

Since tx(X,Y) = 0 and § > 0 can be taken arbitrarily small, this proves ux(X,Y) = 0. From
the definition (5.3) it thus follows £(X,Y) = 0. Similarly, if ty = zy = 0, then ( = 0. O
Remark 4. By a direct calculation, one finds

pq
2¢(1 + R2)(1 + S2)°

det DA = (5.16)

5.1 Proof of Theorem 4.

To achieve a proof of Theorem 4, we will show that the assumptions of Lemma 5 apply
to all the variables t,z,u,p,q,n,v,&,¢ in (5.4). For thus purpose, consider any rectangle
Q = [Xy, Xo] x [Y1,Y3] in the X-Y plane.

1 - Equations for u. By Lemma 3, the function u is Lipschitz continuous w.r.t. the variables

X,Y. The equations
1 1

uy = 2*0529, uy = ?CCQ

are immediate consequences of the definitions (5.3).

2 - Equations for x and t. By Lemma 3, both functions x,t¢ are Lipschitz continuous
w.r.t. the variables X,Y. Recalling the definitions (5.2)-(5.3), we compute

— 2(X,Y) = ,Zx(t(X, Y), a(t(X,Y),a))

= 108 ), (XY, 2(X, V) 22 (4(X, V), ) (5-17)

o =X

The equation for xy is obtained in a similar way.

In turn, the equations for ¢ are derived by

3 - Equations for p and ¢. By Lemma 3, the map A(X,Y) = (¢(X,Y), (X,Y)) is Lipschitz
continuous, hence its Jacobian matrix DA is a.e. well defined. Consider the domain

D = {(X,Y); X €[X1, Xo], Ye[,Ya], det DA(X,Y)>0}. (5.19)
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Recalling (3.5) and using (4.17), we obtain

X2
/ (X, Ya) — p(X,¥1)dX
X1
B /X2 [ da(r, X)
x| 0X =7(X,Y2)

/X2
X1

B Oa(T, X)

/ XYQ)/T(XYQ) C
BX XYl XYl) 20

= // (S R+ R2S — S?R)dxdt
( )26

0X

] ix
=7(X,Y1)

(S — R+ R?S — S?R)dtdz | dX

(5.20)

/
_ // (8= R+ RS — S*R) - detDA(X,Y) dXdY
p 4C

1

d 9 9 1

= / /Q fc;(c — €)pqdXdY.

The last equality follows from Lemma 6, part (i) for the integral over D and part (ii) for the

integral over Q \ D.
Thus by Lemma 4 and 5,

C/
py = —((=8pq (5.21)
c
Similarly,
qdx = 402 (C 5)
4 - Equations for n and v. We first observe that
X2 Xz X X
| s -y ax < [ 9A0) - oelnX) ax
X X X | —yx.va) X | _ixw)
(X,Y2) X ,Ya) /
= (S — R)dtdx // S R) dxdt .
/X1 8X/XY1) /(XY1 20 )
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In turn, by Remark 3 we obtain

Xa
/ [pl/(X, Vi) — pr(X, Y2 207 ) - det DA(X,Y) dXdY
X, D
d 1 1
3 XdY 5.22
12 T g gepdXd (5:22)
d
/ 12 (v —&n)pgdXdY
o C
By Lemma 4 and 5, the above implies
c/
(v)y = 150C—Enpa. (5.23)
Recalling the equation (5.21) for p, we obtain
C/
vy = 5¢—n. (5.24)
Similarly,
C/
nx (5.25)
X
Ag
Xgf -+ Az
+
0 X
A
Xl ””””” 3 : : Al
Y2 Yl X

Figure 3: Left: the rectangle Q in the X-Y plane. Right: the image A(Q) in the ¢-x plane. For
1 =1,2,3,4, the points P, = A(A;) are defined as in (5.28).

5 - Equations for £ and (. We observe that, by (1.7)-(1.8), R provides a weak solution to

the balance law
/ / / /

o _ Cp2 o2y _ S p2_e_ S p_ __ S p_q2
R, — (cR); = 4C(R S%) — cuz R 4C(R S%) 2C(R S)R 4C(R S)=. (5.26)

Notice that, by definition of conservative solution, the right hand side is a function in L!(IR?),
w.r.t. the variables ¢, x.

C

Next, we wish to characterize the distributional derivative uxy. More precisely, we seek a
function f € L} _(IR?) such that the following holds. Consider any values X; < X, and
Y7 > Y,5. Then

[’U,(XQ,Y1> — U(Xl,Yl)] [ (XQ,YQ) —Uu Xl,YQ / f X Y) dXdyY. (527)
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Toward this goal, consider the image of these four points under the map A, in the ¢t-z plane:

b= (tl,l‘l) = A(X17Y1)7 P = (t2,f132) = A(XQ,Yl),
(5.28)
Py = (t3,23) = A(X1,Y2), Py = (tg,m4) = A(Xo, Y2),

(see Fig. 3). We now construct a family of test functions ¢¢ approaching the characteristic
function of the set A(Q), where Q = [X7, Xs| x [Y7,Y2]. More precisely:

¢(s,y) = min{e*(s,y), <“(s,9)}, (5.29)
where
0 if y < z7(s)—e
L+ ey — a7 (s)) if ay(s)—e < y<zi(s)
o°(s,y) = 1 if z7(s) <y < ay(s) (5.30)
1—e My —a5(s)) if zy(s) <y < xy(s)+e
L 0 if y > z,(s)+e,
0 if y < af(s)—¢
Lt ly—at(s) i af(s)—e <y < af(s)
<“(s,y) = 1 if 27 (s) <y < a3(s) (5.31)
1—el(y—a3(s)) if 23(s) <y < 25(s)+e
L 0 if y > 23(s)+e.

Here t — 7 (t) and t — x5 (t) are the backward characteristics corresponding to X = X;
and X = X respectively. Similarly, ¢ — 21 (t) and ¢ — x5 () are the forward characteristics
corresponding to Y = Y] and Y =Y, respectively.

X X X X X | X | X X
4
3 4 1 2 xge  ° X, €

Figure 4: Left: the support of the test function ¢¢ in (5.29). Right: the difference u(Py;) — u(Ps) can
be approximated by the integral of a directional derivative of u over the shaded area.

By (1.8) for every test function ¢ € C!(IR?) we now have

// ot — (cp)z dﬁUdt = // — S%)pddt .
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Since
1

c(u)

we can take a sequence of test functions ¢, such that, as n — oo,

R e Lloc(BQ)a C(“’) € Hlloc(lR2>7 € Hlloc(R2)7

€

— in LR?).
o H (")

Taking the limit, one obtains

//R [(‘f)t—qs;] dodt = —//:;Q(RQ — 5%)¢¢ dadt. (5.32)

By (1.7), this yields

R /
/ / L(dﬁ —cgy) — 2CC2(R2+RS)¢E] drdt = / / " — §%)¢cdxdt,  (5.33)

and finally
// (¢ — coS,) dxdt = // " 5(R+S) 2¢° dadt . (5.34)

By the way the test function ¢¢ has been defined at (5.29)—(5.31) the function ¢§ — c¢5 is
supported on a small neighborhood of the boundary of A(Q). More precisely, consider the
four sets (Fig. 4, left)

g, = {(t,:c); aft) <z <azft)+e, 27(t)—e<a<a,(t)+e

€ -~
I‘13 -

(5.35)

€ -
I‘34 -

}

{ }

50 = {(ta); ag®) Sz<az(®)+e, aT()—e<w<az(t)+el,
{ }

Notice that these sets overlap near the points P; = (¢;,x;), i = 1,2,3,4. However, each of
these intersections is contained in a ball of radius O(e). For example,

52 mri:i C B(P15K6)7

for some constant K and all e > 0. Observing that R € L2 _(IR?), and ||¢§+c(u)¢S| L = O(e),

we obtain the estimate
C
— / / |R| dadt
€ B(Py1,Ke)

I gt = asa

C t1+Ke x1+2Ke 1/2 C
< ( / R%,@dz») (2Ke)2dt < “CEY?(2Ke)??,
€ t1—Ke x1—2Ke €

(5.36)
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for suitable constants Cy, K, and all ¢ > 0. Repeating this argument for the other three
intersections, we thus conclude

R
lim ff —c¢S) dxdt = lim // —(gbg — c¢S) dadt
e—0 e—0 € UF€3UF24U S )
. R
s ([ Jf oS ten - oy
e—0 € € 1€ € C(u)
12 13 24 34
(5.37)
Since c(u) is uniformly positive and bounded, the same argument used in (4.11) yields
li — dedt = 0. .
iy [ 9 st = 0 (539)

Concerning the integral over I'§,, by (5.31) we obtain

) R(t,z) c(u(t,zg (1)) + c(u(t, z)) .
hm//Fe c(ult, 7)) dzxdt

e—0 €

i [ B et clutt, (1)) ~ clutt, )
N 1—)0 //F§4 c(u(t,z)) € d dt+l—>0 //Fe c(u(t,z € ddt

= lim — // R(t,x) dxdt .
e—0 € e

Since (R+ S)? €

(5.39)
(IR?), one has

loc

. o ) e B ¢
1%//462(R+5) o dudt — //A(Q) (Rt 5)dadt. (5.40)

We thus conclude

/
lim - // Rdwdt — lim = // Rdwdt = // Z_(R+ S)2dxdt (5.41)
e—0 € <, e—0 € <, A(Q) 8¢

Next, since u € HlloC7 we can write (Fig. 4, right)

u(Py) —u(Ps) = lim </xi (t4,y)dy—/xj1U(t3,y)dy>

e—0 €

- 11_{% c //1“34 ug + c(u(t, z] (t )))ug;:| dxdt

= lim - // up + c(u(t a:)uw} dxdt
e—0 € I

= lim — // Rdzdt.
e—0 € T34
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This, and a similar estimate for u(Ps) — u(P1), yield
W(Py) — u(Py)] — [u(Py) — u(PL)] / / (R4 5)? dudt. (5.43)
a(Q) 8¢
Writing the right hand side of (5.43) as an integral w.r.t. the variables X, Y, by Remark 3

[U(XQ,YQ) — u(Xl,}/g)] [ (X27}/1) — u Xl,Yl // R+ S) dxdt
(5.44)

/
p q
_ XdY.
//ng g2 B+ 1+ 72 2001 + 52) XY

where the last equality follows from Lemma 6(ii). By Lemma 5, this shows that the weak
derivative uxy exists and is given by

d 2 p q .

uxy(X,Y) =
0 if  det DA(X,Y) = 0.

Recalling the definition (5.3), we can write this weak derivative as

/ /

~ 16 T vIpa+ o 3( §C+mv)pq . (5.45)

By Lemma 4, it follows that, for a.e. X, themap Y — ux(X,Y) = (%ﬁp)(X, Y') is absolutely
continuous and its derivative is given by (5.45). Recalling the equations for p and w, since p
remains uniformly positive on bounded sets, we conclude

uxy =

/ /

c c
y = — @(77 +v)g+ @(52 +nv)q. (5.46)
Similarly,
d d o
This completes the proof of Theorem 4. UJ

6 Uniqueness of conservative solutions

We can now give a proof of Theorem 3, showing that conservative solutions to the variational
wave equation (1.1) are unique.

Let initial data ug € H'(IR), u; € L2(IR) be given. These data uniquely determine a curve
in the X-Y plane, parameterized by

X(z) = a:+/m R%*(0,y) dy, Y(z) = a:—i—/x S%(0,y) dy

Along ~, the values of the variables (u, z,t, p, q,v,n,&, ) are all determined by the data ug, u;.
Indeed, at the point (X (z),Y (x)) € v we have

t :07 U :U,()(.TJ),
r =, p :qzla
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1 R(0, z)

YT T R(00) C T TR0,
_ 1 __S(0,2)
T =TS0, ¢ = Ir0.0
We recall that, by (1.6),
R(0,2) = wi(x) +c(uo(w)) oz S(0,2) = w(2) — e(uo(x)) o

Since the right hand sides of the equations in (5.4) are smooth, given the above boundary
data along ~, this semilinear system has a unique solution in the X-Y plane. In particular,
the functions (X,Y) — (z,t,u)(X,Y) are uniquely determined, up to a set of zero measure
in the X-Y plane. Since the map (z,t) — wu(z,t) is continuous, we conclude that u is uniquely
determined, pointwise in the x-t plane. This completes the proof of Theorem 3. O
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